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W1 Model web appendix

W1.1 Properties of equilibrium functions

In this section, we define the set J of profit functions of the firm and then,
taking an arbitrary J € J as given, derive properties of the market tightness,

job finding probability, and search and effort policy functions in equilibrium.

Definition W1 (Definition of J). Let J be defined as the set of firms’ value
functions J : S x V— R such that

(J1) Forall(z,z) € S and allVy,Va € V with Vi < Vs, the difference J(x, z, Va)—
J(x,2,V1) is bounded by —B;(Vo — V1) and —B; (Vo — Vi) where By >
B; > 0 are some constants.

(J2) For all (z,2,V) € S xV, J(x,2,V) is bounded in [J,J] where J =

! (?t:(e)ﬁv) nd g = 15 (1;0(6)61)).

(J3) For all (z,2) €S, J(x,2,V) is concave in V.

(J4) For all (z,2) €S, J(z,2,V) is differentiable in V.

Lemma W1 (Uniqueness of §). The market tightness function 0(x,v) is unique

in equilibrium.

Proof of Lemma W1. Consider the firm value function, rewritten as:

J(x,z,V) max. Z m( —w; + Bp(x, W)M(x,z,Wl))
st V<> m(u(w) + 7 (x, W),
i=1,2
Z T, = 1,
i=1,2
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where

M(x, 2, W) = max By [J(2', 2", Wy)|x, 2]

x! 2!

st W= Em/z/ [Wm/z/\x, Z].
Free entry can then be expressed as:
I(x,v) =q(0(x,v)) M (z, z9,v) — k < 0.

From the assumption on ¢(#) and its invertibility, as well as free entry, it follows
that 0(z,v) = ¢ Y(k/M(z, z0,v)) for M(z,z,v) > k (or equivalently for v <
0(x), where 0(x) is the solution to k = M (z, 29, v) with respect to v) and is
bounded between 0 and § = ¢ '(k/J). Otherwise 6(z,v) = 0. Hence, the

market tightness function is unique. O]

Lemma W2 (0 is decreasing and continuous in v). For all x € X, the market

tightness function, 0(x,v), is such that

EJ Bjk . ~
—— (vg —v1) <O (z,v3) — 0 (z,v1) < — (ve —v1), if vy <wvy < 0(x),
¢ (0) k ¢ (0)7°
Lj (vg —v1) <O(x,v9) —0(x,v1) <0, if v < 0(x) < vy,
q 9) k
0 (x,v2) — 6 (z,v1) =0, if o(z) < v < v,

where B, and B are the bi-Lipschitz bounds on all functions in J.

Proof of Lemma W2. We suppress the dependence of various functions on x
and z to improve readability. Let x be an arbitrary point in X, and let vy, vy be
two points in V with v; < v,. First, consider the case in which v; < vy < 9. In

this case, the difference 0 (x,vy) — 6 (z,v1) is equal to
k/M (vz)

0 (2,02) — 0 (z,00) = ¢ (K/M (02)) — ¢ (k/M (1)) = / (VY1) d,
k/M(v1)
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where the first equality uses Lemma W1, and the second equality uses the fact
that M is decreasing in v and M(vy) > M(vy) > k > 0. For all v € [v, 7],
the derivative of the inverse function ¢'(-) evaluated at k/M(v) is equal to
1/¢ (0 (x,v)) € [1/¢(8),1/¢(0)], where 1/¢'(8) < 1/¢/(0) < 0. Therefore the

last term in the previous equation satisfies:

k/M (v2)
1 k k iy 1 ko ok
q'(0) (M(vg) - M(m)) Sk/Mé ) () (Dt < ¢(0) <M(v2) M(v1)>’
where
k k e
M(vy)  M(wy) :M([) 2t

For all v € [v, 0], M(v) is strictly decreasing in v and it is bounded between J
and k. Therefore, setting ¢ in the integral on the RHS above to be either k or
J gives bounds such that

M (v1) _
koo B
[ < 1) = M) <77 (1 - ),
plt <y R
M (v2)
Yk B,k
| = % V() = M(u2)) 255 (12 =),
M(vg)

where the latter inequalities use the fact that differences in J and hence also
in M are bounded as in the definition of J. Taken together, the difference
0 (z,v9) — 0 (x,vy) is such that

By Bk

TR (vg — 1) <O (x,v9) —0(x,v1) < q’(0)72 (v — v1).

Next, consider the case in which v; < ¥ < v,. Then the difference 0 (z, vy) —
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0 (z,vy) satisfies:

—0(x,v) =0(x,0) —0(x,v Bk v —w
9(.’13',1)2) 9( 9 1) 9( ) ) 9( 3 1)§q/(0j2( 1)§07
" By . By
0 (z,v2) — 0 (2,v1) = 0 (2,0) — 0 (x,v,) > SO0k (0—v) > 7Ok (vg — 1),

where both lines use the bounds in the previous expression and the fact that
0 (x,0) =0 (x,uv).
Finally, in the case where 0 < v; < vy, Lemma W1 implies that 0 (x,v;) =

0 (z,v9) = 0.

Lemma W3 (p is strictly decreasing, strictly concave and continuous in v).
Forallz € X, and allv € [v,v (z)], the composite function p (8 (x,v)) is strictly

decreasing and strictly concave in v.

Proof of Lemma W3. The function p () is strictly increasing in 6, and 6(z,v)
is strictly decreasing in v for all v € [v,0]. Therefore, p (6(x,v)) is strictly
decreasing in v for v € [v,9]. In order to prove that the composite function
p (0(z,v)) is strictly concave in v for v € [v, 7], consider arbitrary vy, ve € [v, 7],
with vy # vy, and an arbitrary number a € (0,1). Let v, = av; + (1 — a)vs.
The function M (z, z,v) is continuous and concave in v, which follows from
the Maximum Theorem under Convexity as the two conditions that E,...[J(2, 2/, Wy./)|x, z]
is concave and that the constraint is a continuous correspondence with a convex
graph are satisfied (see Sundaram et al. (1996), p. 238). So, since M (v) is

concave in v and the function k/v is strictly convex in v, we have

k < b <« K +(1- oz)L
M(vy) = aM(v1) + (1 — ) M(vq) M(vy)

Since p(g~'(+)) is strictly decreasing and weakly concave, the previous inequality

Model - Identification - Data - Estimation - References Page W4 of W56



implies that
p (0" (k/M(va)) >p (ql (aM]Zv1) - &)ME{W)»

(o™ (o)) 0= (0 (i)

Since ¢~ (k/M(v)) is equal to (x,v) for all v € [v,?], the last inequality can

be rewritten as
p(0(z,va)) > ap(f(z,v1)) + (1 — a)p(0(z, v2))

which establishes that p(6(x,v)) is strictly concave in v for all v € [v,?]. Since

every concave function is continuous, p(6(z,v)) is also continuous in this range.

]

We introduce the return to search D(z, W) = maxycy d(z,v', W), where
d(z,v',WW) = p(0(z,v')) (v — W), which is maximized by the search policy
function m(z, W) with m : X x V. — V| given the market tightness function 6.
Lemma 3.1 in ? establishes that m(z, W) is unique such that:

argmax d(z, v, W) it W < 0(x)
m(x, W) = vev

wW otherwise.

The next lemmas establish that D(x, W) is a decreasing function in W and that

m(x, W) is increasing in W.

Lemma W4 (D is decreasing and continuous in W, m is increasing and con-
tinuous in W). For all x € X and all Wy, Wy € V with Wy < Wy, the return to

search function, D, satisfies:

—(Wg—Wl) SD(.T,WQ)—D<I’,W1) SO
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and the search policy function, m, is such that
0 S m(.CIZ',WQ) —m(:z:,Wl) S W2 — Wl.
Proof of Lemma W/. Let W; < W5 be two arbitrary points in V. Then:

D (x,Ws) — D (z, Wy) < d(x,m(z, W), Ws) — d(x, m(x, Wy), W)

A

)
—p(G(x,m(x, WQ))( - W
D (x,W3) — D (x,Wy) > d(z, m(x, Wy), Ws)

)

) <
— d(z, m(z, Wh), W)
W) =z —(Wy — W),

Y
|

p(@([E, m(x, Wl) (

where the first inequality in both lines uses the fact that D(x, W;) is equal
to d(x, m(x, W;),W;) and greater than d(z, m(z, W_;), W;) where —i # i and
1, —i = 1,2. Thus the first part of the lemma holds.

Next, if Wy > o(z), then m(z, Ws) = Wy and m(z, W) = Wy. If W <
0(x) < Wa, then m(x, Wy) = Wy and m(z, Wy) € (Wy,0(x)). In both cases, the
second claim clearly holds. Now, consider the remaining case where W; < Wy <
0(x). Since d(x, m(x, Wy), Wy) > d(z, m(z, W3), W) and d(z, m(z, W), Ws) >
d(z,m(z, Wy), Ws) we have:

0> d(x,m(x, W), W) — d(x,m(x, W), W) + d(x, m(x, W1), Ws) — d(x, m(x, W), Ws)
= p(0(z, m(z, W2))(Wa — W1) — p(6(x, m(z, W1))(Wa — W1)
= [p(0(z, m(z, W3)) — p(0(z, m(z, W1))](Wa — Wh).

Since p(f(z,v)) is decreasing in v (see Lemma W3), this also implies that

m(xz, Wa) > m(x, Wy). If it holds with equality, i.e. if m(z, Wa) = m(z, W),
the second part of the lemma holds as well. If instead m(x, W) > m(x, W),
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consider the arbitrary real number A € (0, m(z,Wa)— m(x’Wl)) so that

d(x,m(x, Wy),W1) > d(z,m(z, W1) + A, W)
p(0(z, m(z, Wh)))(m(x, W1) = Wh) = p(0(z, m(z, Wi) + A))(m(z, Wh) + A — W)

[p(0(z, m(z, Wh))) — p(0(z, m(z, W1) + A))|(m(z, W) — W) = p(0(z, m(z, W1) + A))A
p(0(z, m(x, W1) + A))A
p(e(‘r?m(wil))) - ( (x,m(x,Wl)—i—A))'

m(xa Wl) - Wl

v

Similarly, because d(x, m(x, Ws), Ws) > d(z, m(xz, Ws) — A, W5), it holds that

m(a, W) — p(0(z, m(z, Wy) — A)A
( ,WQ) W, < p(g(x7m<x, WQ) — A)) —p(e(x,m(% Wg)))

Recall that the function p(6(z,v)) is decreasing and concave in v for all v <
0(x). Since m(z, W) + A < m(z,W3) — A, then p(0(z, m(x, W) + A)) >
p(0(x, m(x, W5)—A)). Similarly, since m(z, W7) < m(z, Ws), p(6(z, m(z, W1)))—
p(0(x,m(z, W1)+A)) < p(8(z, m(x, W) —A)) —p(0(x,m(z, Ws))). From these
observations and the inequalities above, it follows that m(x, W) —m(x, W;) <

Wy — Wi. Hence, the lemma holds. O

Lemma W35 (p is decreasing and continuous in W). For all x € X and all
Wy, Wy € V with Wy < W, the quitting probability p(z, W) = p(0(x, m(x, W)))
is such that

— By (Wy = Wh) < p(x,Ws) = p(x,W1) < =B, (Wy — W) (1)
where Ep = ((;ﬁ: > 0 and B =0.

Proof of Lemma WJ5. Let x be an arbitrary point in X, and let Wy, W5 be points
in V with W; < W,. Recall from Lemma W4 that 0 < m (z, W) —m (x, W;) <
Wy — Wi, From Lemma W2, it follows that the difference 0(z, m (z, W3)) —
O(x,m (x,Wy)) is greater than (Wy — W;) B;/[¢'(6)k] and smaller than 0. Fi-
nally, given concavity of p in 6, the difference p(6(z, m(z, Wa)))—p(0(x, m(x, W1)))
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is such that
' (0) B,
q'(0)k
which gives the bounds on p(z, W). O

(W2 - Wl) < p(@(x,m(:v, WQ))) —p(9($,m(3:', Wl))) < 07

Lemma W6 (Differentiability of p(z, W) in W). For allx € X and all W € V
with , the quitting probability p(xz, W) = p(x, m(x, W)) is differentiable a.e. in
Ww.

Proof of Lemma W6. The proof evolves in two steps. In the first step, it is
shown that p(f(z, v)) is differentiable in v, then the second step turns to showing
that p(z, W) is differentiable (almost everywhere) in W.

First, p(6(z,v)) is strictly concave, strictly decreasing and continuous in v
and Rademacher’s Theorem states that every concave function is differentiable
almost everywhere. Hence, it needs to be shown that p is differentiable ev-
erywhere. Observe that M (x, zg,v) is concave in v and so it is differentiable
almost everywhere. To show it is differentiable everywhere, assume that at a
specific point ¥ the function M is not differentiable, so there exists a point of
non-differentiability at M (z, zp,v). We show that this cannot be the case. Let
a different function M (z, zp, v) be defined as

M(z,2z9,v) = > Y P(x (2'|z0)J (2!, 2/, W5 (x, 20, D))+
x' Fal 2 #2]
P(ZE;lI)P(Z'“Z())J (I“Z“U Z Z P |Z0)W (CL’ 20,V )) )
x'Fxl 2 £

where W7, (z, 2, 7) = argmax M(z, 2, 7). M is similar to M, specifically,
feasibility is imposed in both functions and they are equal at o, M (z, 2y, 7) =
M (z, z9,v). However, M uses the optimal strategy from point ¢ at a point v,

such that it is always weakly below M, M (z, z,v) < M(x, 29,v). The function
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M is also concave and continuously differentiable in v because v only appears
in the last term and J is concave and differentiable in v. Hence, the Benveniste-
Scheinkman Lemma allows for the conclusion that the function M (z, 2o, v)
is differentiable in v. Since the right hand side of the free entry condition
(0e.0) = 3
0(z,v). Finally, from the assumption that p(6) is Cy it must be that p(6(z,v))

is differentiable in v (and ¢ is differentiable in ), so is

is differentiable in v.

Second, differentiability of p(f(z,m)) in m carries over to differentiability
of p(x, W) = p(0(x,m(x,W))) in W. The function m(x, W) is increasing and
continuous in W, see Lemma W4. Lebesgue’s Theorem for the differentiability
of monotone functions states that a monotone function is differentiable almost
everywhere. For the points of Lebesgue measure zero that are not differentiable
W, use either the left or right differential of m at W or the Gateaux derivative,
which exists everywhere due to Lipschitz continuity of m. To conclude, p(z, W)
is differentiable (almost everywhere) because p is differentiable in m, which in

turn is differentiable (almost everywhere) in W. O

W1.2 Existence of equilibrium

We show the existence of a recursive search equilibrium with firm-level shocks,
worker shocks and effort on the job, closely following Menzio and Shi (2010) and
Tsuyuhara (2016). The procedure aims at showing that the Bellman operator

maps the set of firms’ value functions, J, into itself.

Lemma W7 (Continuity of 8 in J). Consider two arbitrary functions J,,, J, €

J. Let 0;(x,v) be the market tightness function implied by J; for j = m,n. For

_,EJ
7 0)kB;"

any p > 0, if ||Jm — Jnl| < p then ||0,, — 0,]| < cop where g9 =

Proof of Lemma W7. Let v be an arbitrary point in V. From the boundedness
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property (J1) of the set J, it follows that

Iy (v+B5'p) = Ju(v) < —p = Ju(v) —p > Ju (v+B;'p) .
The same property of J is exploited to show that

In (V) — Ty, (v — ﬁ;lp) <—p = Jy(v)+p<J, (v — E}lp) :
These observations and ||.J,, — J,,|| < p imply

Tm(v) < Ju(v) +p < Jo (v = B;p)
Jn(v) > Jo(v) = p = Ju (v+ B5'p).

The definition of market tightness and the first line lead to 6,,(x,v) < 0, (x, v — B! p).

v

Similarly, from the second line in the above result, it follows that 6,,(z,v)

0, (:v, v+ E}lp). Hence,

Om(x,v) — O, (x,v) < 0, (:c,v — B}lp) — Op(z,0) < egp

Om(z,v) — Op(x,v) > 0, (x,v - E}lp) —Op(x,0v) > —€gp

with g9 = q/(_é)E;chJ‘ Thus, |0,,(z,v) — 0,(x,v)| < ggp. Since this result holds for

all (z,2,v) € S x V, we conclude that ||6,, — 0, < qp- O

Recall the return to search D,,(xz, W) = maxycy p (0, (z,v")) (v'—W), which
is maximized by the unique search policy function m(x, W) with m : XxV — V.
In Appendix W1.1 it was shown that D is a decreasing function in W and that
m is increasing in W. Further, we use p(x,W) = p(8(x,m(xz,W))) as the

composite job finding function.

Lemma W8 (Continuity of D in J). Consider J,,, J, € J. Let Dj(x,W) be
the worker value of searching implied by J; for j = m,n. If ||Jm — Ju|| < p then
| Dy, — Dy|| < epp where ep = 9p'(0)(V — v).

Proof of Lemma WS8. Let p € R, be an arbitrary number. Consider arbitrary
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functions J,,, J, € J such that [|J,, — J,|| < p, and an arbitrary point (x, W) €
X x V. Accordingly, we can construct the distance between D,,(z, W) and
D, (x,W) using Lemma W7.
Dy, W) = Dy, W)] < max | [p (0. 09)) — p (B, 0))] (0f — W)

< / _ / / _

< {mais I (B, )) = p O, ) { g o — 777}

On (z,0")
< fos| [ ]} -0 < 0020 - o
v 0

m (x,0")
where 0; denotes the market tightness function computed with J;. Since this

holds for all (z,W) € X x V, we can conclude that ||D,, — D,|| < epp with
Ep = p/(0>€9(@ - Q). ]

Lemma W9 (Continuity of p in J). Consider J,,, J, € I. Let p;(x, W) be the
composite transition function implied by J; for j = m,n. If ||Jn — Jul] < p
then ||pm — Pull < €,(p) where ,(p) = max{2B,p"/? + p'(0)eyp, 26 pp*/?} and
B, =—p'(0)B;/(kq'(8)). In addition €,(p) — 0 as p — 0.

Proof of Lemma W9. Let p € R, be an arbitrary number. Consider arbi-
trary functions J,,, J, € J such that ||J,, — J,|| < p, and an arbitrary point
(x, W) € Xx V. Without loss of generality, assume that m,(z, W) < m,,(z, W),
where m; is computed with 6; and associated with J;. In the proof consider
three mutually exclusive cases and drop the (z, W) arguments from m,, and m,,

for brevity.

Case 1: p(en(xamn)) S p(em(x,mm))
The distance between p(6,,(x, m,,)) and p(6,(z,m,)) is such that

(0 S) p(em($a mm)) - p(en($a mn)) < p(@m(:v, mn)) - p<9n(x7 mn)) < p/(O)Egp,
which exploits that p(6,,(x,v)) is decreasing in v, m,, > m, and the bounds
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characterized in Lemma W7.

1/2

Case 2: p(0,,(z,my)) > p(On(x, my)) and my, — 2p*2 < m, < my,.

Then:

(0 <) p(On(z,mn)) — (O (T, M)

= p(O,(z,my)) — p(On(z,mp)) + p(0n(x, mp)) — (O, mp,)) < 2§pp1/2 + p'(0)eqp,

which exploits Lemmas W7 and W5.

1/2

Case 3: p (0, (z,my,)) > p (0 (x,my,)) and m,, < m,, — 2p'* < m,,.

First, note that m,, > W, as

e (W,5,) HW<3,

mp
=W otherwise.

As a result, we can write that m,, > W + p'/2. Otherwise, if m,, < W + p'/2,
then m,, < W —p'/? < W, which is a contradiction. Similarly, m,, > W implies
that m,, < 0,,.
Note that p(f,, (2, M) (M — W) > p(Om (2, My — p2)) (M — p'/2 = W),
because m,, is the optimal search decision when J = J,,. Therefore, we have
PO (2, M) "2 > [p(@m(x,mm —pM2)) - p<0m<x7mm)):| (1 — P2 — W)
PO, m0)) = (O, 0+ p2)] (i — 12 = W)

{p(@m(l’, mn)) - p(@m(l’, mp + pl/Q))} (mn + P1/2 - W)

v

Y

To obtain the second inequality we use the facts that p(6,,(z,v)) is concave in
v for all v € [v, ¥y] , that m, + p'/? < m,, < ¥, and that m,, — p'/2 — W > 0.
To obtain the third inequality, consider that m, + p*/? < m,, — p'/? and that
PO (2, 1m0)) = PO (@, 0 + p7?)) > 0.

Further, note that p(6,,(x, m,))(m,—W) is greater than p(0,,(z, m,+p*/?))(m,+

Model - Identification - Data - Estimation - References Page W12 of W56



p'/?2 —W). Then:
p(On(z,my))p"* < [p(Hn(x,mn)) — (0, (z,m,, + pl/Q))] (g + pM2 — W),

Subtracting this inequality from the previous result, dividing by p'/2, and then
applying Lemma W8 gives:
< P_1/2 [p(en(xa M) = P(Om (2, mn)) + POz, My + /)1/2)) — p(On(x,my, + p1/2)}
X (my + p'* = W))

< 20 (0)egp*?(v — v) = 2epp*/2.

Therefore, it can be established that the distance between p(6,(x,m,)) and
(O (z,m,y,)) is such that

PO (2,m)) = PO (2, m1))| < max {2B,p"/? + P/ (0)p, 20"} = £, (p).

The p*/? term implies that lim, ,oe,(p) = 0. Since this result holds for all
(z,W) € X x V, we conclude that ||p, — pull < &,(p). O

Lemma W10 (Continuity of U in J). Consider J,,,J, € J. Let U; be the
worker unemployment value function implied by J; for j = m,n. If ||Jy,— Ju|| <

p then ||Uy, — Uyl < eup, where ey = Bep/(1 — 5).

Proof of Lemma W10. Let p € R, be an arbitrary number. Consider arbitrary

functions J,,, J,, € J such that ||J,, — J,|| < p. For an arbitrary point z € X,
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the distance between U,,(x) and U, (z) is

|Un(2) = Un(2)] =[[b(x) + fEaUp () + D (', Un ()] —
[b(z) + PEwUn(z') + Dn (2", Un(2"))]]
SBE$’{| [Unn(2") + Din (2", U (27))] — [Un(2) + max Dy, (2", Up(2))] |

1D, Un (@) = Dala’, Unl@'))

<B||Unm — Unll + Bepp

To obtain the second inequality, we use that the distance between U,, + D,,(U,,)
and U, + D,,(U,) is smaller than the distance between U,, and U,. Since this
result holds for all xz € X,

“Um - Un” <p ”Um - Un” + Bepp = ||Um - Un” <

EDP;

B
1-5
which delivers the result. O

Lemma W11 (Bounding worker effort 1: Continuity of Q in J). Consider
Iy € J. Let Q;(x, W) = W + kDj(x, W) — E[U;(2')|x] be the function
implied by J; for j = m,n. If ||Jm — Jull < p then ||Q, — Q|| < cqp, where

EQ = KED + €p.
Proof of Lemma W11.

| (2, W) = Qu (2, W) = [ (D (2, W) = Du(z, W) = Eor (Un(2') — Un(2))]
= [ (Dm(z, W) = Dy(2, W) + Ear (Un(2') = Up(2))]

< (H€D+€U)p5 eqp

which delivers the result. O

Lemma W12 (Bounding worker effort 2: Continuity of e* in J). Consider
s Jn € J. Let e5(x, W) = A(Q;(z,W)) be the worker optimal effort function
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implied by J; for j = m,n. If ||J,, — Ju|| < p then ||ef, — €|l < ecp, where

—/
Ee = A £Q-

Proof of Lemma W12. The optimization problem for the worker EQ-W leads

to the first order condition for effort given by
—d(e*(z,W;)) — B (e*(z, W;))Q(x, W;) = 0.

Using the implicit function theorem, it follows that the derivative of e} with
respect to W; is

—B6" (7)Y (z, Wi)
—c"(e7) — Bo" (ef)Ux, W)

—B(9'(e}))? :
- ; Q i)

Tenater) + ey
=A/

e*/(@_)m) —

where A(Q(x,W;))) is the implicitly defined function for optimal effort. From
the assumptions ¢’ € [¢/,0),d(-)” < 0 and ¢ € [0,7] and the fact that ¢(-) is
convex, the numerator is negative and bounded and the denominator is negative.
Therefore, A is positive and bounded by A’ = |sup A’(-)|. Now, continuity of

effort e} in J can be established as follows:

e (2, Wi) — e (2, Wo)| = [A (Q (2, Wi)) = A (Qn(, W3))]

< N, Wi) = Qu(, W)
< Negp=eop.
Since this holds for all # € X it can be concluded that ||ef, — e} || < ecp. O
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Moving forward we define J, an update of the firm’s value function J, as:

I . p— . D . i / ! jp! ~!
J(z,z,V) = R 1:21:2 ur (f(x, z) —w; + Bp(x, Wi)Epro {J (2, 2/, Wigrr )|, z})

st 3 m(uw) + (e, W) ) = V

i=1,2

Wi =Ey {Wim/z/‘xaz}a Z m = 1.

i=1,2
It can also be expressed as J(x,2,V) = (TJ)(x,2,V) using the operator 7.
Next, let F'(v,x,z, V) be the objective function of the reduced problem:

memazng@@—w+wmmmwamwwmwm4)

i=1,2

- <V — mi[u(w;) + 7(z, W;)] — #(z m)) if m; £0
s.t. w; = i |
W (V= (W) e

where v € I' denotes the tuple ({m;, Wi, Wiz }iz12) and T' is defined as the
set of 4’s such that m; € [0,1], m +m = L,W; € VWi : S — V, and
Wi = By {W,p |z, z}. Finally, v*(z, z, V') is the optimal solution such that

J(x,2, V) =max F(y(x,2z,V),z,2,V) = F(y*,z,2, V).

vyel

Lemma W13 (Operator is self-mapping). The Bellman operator is self-mapping,
i.e. the image J of J € J also belongs to the set J.

Proof of Lemma W13. We need to show that the image through the Bellman
operator satisfies the 4 properties of J. Denote F'(v,z,z, V) as the derivative
of F(v,x,z,V) with respect to V. It is straightforward to show that

1 1 1
F'(v,z,2,V) = — E{— - }

w (w;) o T
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Condition 1: J is bi-Lipschitz continuous in V.
Let (x,z) be an arbitrary point in S and let V4, V5 € V be two arbitrary points
with V] < V5.

’j($7z7‘/2)—j(1‘727‘/1)‘ < %1312{|F<77xvza‘/2)_F(/y7xazv‘/l)|

< max
yerl

%}
/ F'(v,z,z2,t) dt|

1

Va
gmax/ |F' (v, @, 2, t)|dt < |Vo— W]/
Vi

The first inequality uses the fact that one could potentially find another + that
increases the distance. The expression implies that the function J is Lipschitz
continuous in V' and differentiable almost everywhere. The function F' is dif-
ferentiable with respect to V. Therefore, at any point of differentiability, the
derivative of J with respect to V' is equal to F'(v*(z, 2, V), z, z, V). From these
properties of J, it follows that

j(x,z,VQ)—j(x,z,Vl) =

v Vi—Vi Va—V,
/ F' (v*(z, 2, 1), 2, 2, t)dt € |—— - L 27, !
Vi u u

Therefore, J is bi-Lipschitz continuous.

Condition 2: J is bounded.
Let (z,z, V) be an arbitrary point in S x V. The value J(z, z, V) is such that

J(z,2,V) < f(@,7) —u (v +cle) — Bo) + BT < T,

where we simply use the bounds on each of the terms. For the lower bound, let
Yo denote the tuple ({ﬂ-i,(h VVZ”(), Wix’z’,O}i:l,Q) such that T1,0 = 0, 2,0 = 1, VV,L"O =

Wi 0 = v, and observe that
J(2,2,V) > F(yo,2,2,V) > f(z,2) —u' (0+c(e) — Bv) + 5 > J,

where the first inequality makes use of the fact that vy € I', and the second
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inequality makes use of the bounds on x, z,v,e and J.

Condition 3: J is concave.

This is a direct implication of the presence of the lottery. Let Vi and V5 be two
arbitrary values in [v,7], and let V, = aV} + (1 — a)V4, where o € (0,1). One
can show that J (V,) > aJ (V1) + (1 — a)J (V3).

Condition 4: J is differentiable.
From above, J (x,2,V) is decreasing in V' because an increase in V' tightens the
promise-keeping constraint, concave with respect to V' by construction because
of the two-point lottery over promised expected values, continuous and differ-
entiable almost everywhere. To show that J is differentiable everywhere, we
adapt the derivation steps presented in Koeppl (2006)! to the one-sided com-
mitment model of this paper. Suppose for a fixed (z, z), there is a point V where
J(z,2,V) is not differentiable and call (7;, @, W;, Wiy.s) the firm’s optimal ac-
tion at that point. This action is by definition feasible and delivers V to the
worker. Next, consider a strategy that delivers any V around V by changing the
wage to w* (V) = u~(V =V +u()) while the remaining actions (7;, W;, Wiy
stay the same. We define the function J (z,z,V) as the value that uses strategy
(73, w*(V), Wigror, W;), which is also feasible by construction. Then, by defini-
tion of .J it must be that J(z,z, V) < J(z,2, V) and J(z,2,V) = J(z, 2, V).
Next, since u(+) is concave, increasing and twice differentiable, —u~!(+) is also
concave and twice differentiable. Moreover, V' enters J (x,2,V) only through
—w*(V) and so J(z, z, V) inherits concavity and differentiability from the utility
function at any point V, including V. Finally, since J is a function that is

concave, continuously differentiable, lower than J and equal to J at V we can

'Koeppl (2006) shows that with two-sided limited commitment it is sufficient to have one
state realization where neither participation constraint binds to achieve differentiability of the
Pareto frontier.
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apply Lemma 1 from Benveniste and Scheinkman (1979), which reveals that

J (z,z,V) is differentiable at V. Consequently, J is differentiable everywhere.
]

Lemma W14 (Continuity of the operator). Consider J,,, J, € J. Let J;(x,2,V)
be the firm’s value mapping implied by J; for j =m,n. If ||J, — Ju|| < p, then
1T = Jull < ex(p).

Proof of Lemma W1j. Let Fj(v;,x,z,V) be the objective function of the firm’s
optimal contracting problem implied by J;. Consider J,,,J, € J such that
[Jm — Ju|| < p. Take V € V such that J,,(z,2, V) — Ju(z,2,V) > 0. Let
vj (2,2, V) be the maximizer of Fj(v;,,z,V) and w;(7) be the wage function

given by J;. Then, dropping the arguments of ~; for brevity:

0 < (@, 2,V) = Ju(z,2,V)]
= |F(v, 7,2, V) — Fu(v, 2,2, V)
< ’Fm<’}/:1,x, Z, V) - Fn(’%,ﬂ?a 2y V)‘

é ’ - wm(’y;kn) + Z Wi,m{f(x7 Z) + Bﬁm(xa Wi,m))Ez’z’[Jm(x,a zla Wix’z’,m)‘x> Z}}

i=1,2

+ wn(v;;) - Z Wi,m{f(aja Z) + ﬂﬁn(xa Wi,m))Ex’z’[Jn(:E,) Z/a Wix’z’,m)lxa Z]}‘

i=1,2
< Jwm(vm) — wa()|

+ Z 7Ti,m|{f(xa z) + Bpm(z, m,m))Ex’Z’[Jm(x/7 Z, M$/zl7m)|x7 2|}

i=1,2

- {f(xa Z) + Bﬁn(x7 m,m»]Em’z’[Jn(x/a 2,7 M/im’z’,m”'xa Z]}|

The objective is to estimate a bound for |J,(x, z, V) — J,(x, 2, V)| by looking

at each part of the last expression separately as follows.

(1) Consider |wy,(v,) — wn ()| first. Since utility w is a strictly concave func-

tion, for any w; and ws, |wy — wylu’ < |u(wy) — u(ws)| where u' is the smaller
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of u'(wy) and v/ (wy). By definition,

wwm (7)) =V = > miii (@, Wim)

i=1,2

=V — BEu [Un(2')|2]
— Z Tim|—C(€m (T, Wi ) + B(1 — d(em (@, Wim)))m (2, Wi )]

1=1,2

and

u(wn(yy,)) =V = BBy [Un(2) |2]
- Z Tim|—clen(®, Wim)) + B(1 — d(enlz, Wim))) (2, Wim)].

1=1,2

Therefore, we can express the distance as

|u(wm (7)) = w(wn (7))
< BlUnm — Un| + Z Timl|c(em(x, Wim)) — clem(x, Wim))|

i=1,2
+ B(L = d(em(z, Wim))) (2, Wim) — (1 = d(enlz, Wim))) Q2 (z, Wim)|]-
|U,, — Uy is bounded by ep;. The last term is also bounded due to:

|(1 = d(em(z, Wim)))m (@, Wim) — (1 = d(en(z, Win)))Qn(z, Wim)|
< (1 = d(em(x, Wim)))Qm(z, Wim) — (1 = d(en(z, Wim))Qm(x, Wim)|

< (1 = dem (e, Wim))) — (1= d(en(z, Wim))) [0

)
+ (1 = d(en(@, Wim)) Qm (2, Wim) — (1 = d(en(z, Wim))) 20z, WZ,m)|
) —
+ (1 = d(en(z, Wign)) [z, Wign) — Qn(z, Wipn)|

S —é/|€m(flf, Wi,m) - €n<l', VVi,m)|@ + |Qm($’, Wz,m) - Qn(I, I/I/z,m)|

< (=0'ev +eq)p,
using the fact that Q(-) cannot exceed v. Collecting bounds yields:

[w(wm (7)) — w(wa ()| < (Bew + e + B(=d'ect + €q))p.
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So, from the property of concave functions, the first term is bounded by:
Wi (V) — wa ()] < W' (Bey + e + B(—0"e0 + 0))p.
(2) Next, consider the following term:

Z 7Ti,m|{f('r7 Z) + Bﬁm(xv Wi,m))Em’z’[Jm<x/7 Z/, Wim’z’,m)|x; Z]}

i=1,2

—{f(z,2) + Bpn(, Wi,m))Ew’Z’[Jn(x/7 2, Wigr ot m)|, 2]} ]

This expression can be divided into two sub-components stemming from sub-
stituting in p. Similarly to above, the bound for each sub-component can be
found as follows. The first subcomponent can be bounded directly:
(1= 8(em (@ W) on(Wim) = (1= 8{en(, W) (Wem)
< (1 = dem (@, Wimn))) Jim(Wim) = (1 = 6(en(, Wiin))) Jm(Wim)|
+ (1 = d(en(@, Wim))) Jm(Wim) — (1 = 6(en(x, Wim))) Jn(Wim)]
= [(1 = d(em(x, Wim))) — (1 = 0(en(, Wimn)))| Jn(Wim)
+ (1= d(en(, Wimn))|Jmn(Wim) = Jn(Wim)]
< —0'em(z, Wigm) = en(@, Wim)|J + |[Jn(Wim) = Jn(Wim)|
< (=d'e.J + 1)p.
Then note that:
B W) Ton(Warn) = B, W) Ju (W)
< P (@, Win) Jin(Wiim) — D (2, Wign ) S (Wim )|
+ D@, Wign) Jn(Wiim) = D@, Wign) T (Wi )|
= [P (2, Wim) = P (2, Wian )| Jim(Wim) + D (2, Win)[ T (Wiim) = Jn(Wim)|

< e(p)J + p,
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which is used to find the bounds of the second sub-component:

(1= d(em (2, Wim)))Dm (2, Wim) S (Wim) = (1 = d(en (@, Wim)))Pn (2, Wign) Jn(Wim)|
< (1= d0(em (@, Wiim)))Dm (2, Win) Jin(Wim) — (1= d(en (2, Wiim)))Dm (2, Wim) Jom(Wim)|
+ (1 = 0(en(, Wim)))Dm (2, Wim) Jm(Wim) — (1 = 8(en (2, Wim)))Pn (2, Win) Jn(Wim)|
= (1= d(em(x, Wim))) — (1 = 0(en(, Wimn)))|Dm (2, Wim) Jon (Wi m)
+ (1= d(en(@, Wim)|Dm (2, Wim) S (Wim) = (2, Win) Jn(Wim)|

< (=dee +1)p+ep(p)J.

Collecting the inequalities from (1) and (2), the overall bound is given by:

| I (x, 2, V) — jn(x,z, V)|
<™t (Bey + e + Bleq — 0'e))p
+B(1+ k) (1 = d'ec])p + Brey(p)J

= er(p)-

Hence, the operator 7T is continuous. O

Proof of Proposition 1. First, fix an arbitrary ¢ € R, ,. Let p. be the unique

positive solution for p of the equation
er(p) =€

Y I, Jn € Jsuch that ||, — Ju|| < pe. Lemma W14 implies that || T, — T'J,| <
¢, which means that the equilibrium operator 7" is continuous. Next, let p, and
p. denote the minimum distance between distinct elements associated with the
sets X and Z, respectively. Also, let || - ||z denote the standard norm on the Eu-
clidean space S x V. Let p. = min{u'e, p,, p.}. For all (z1,21, V1), (22, 22, V5) €
S x V such that [|(xg, 29, V2) — (21,21, V1)||z < pe and for all J € J, Lemma
W13 implies that T'J satisfies the property (J1) of the set J and, consequently,

Model - Identification - Data - Estimation - References Page W22 of W56



(TJ) (xg, 22, Vo) — (T'J) (x1, 21, V1)| < €. Hence, the family of functions 7T'(J)
is equicontinuous. The lemma also implies that the Bellman operator is self-
mapping.

From these properties, it follows that the equilibrium operator T' satisfies
the conditions of Schauder’s fixed point theorem (Stokey, Lucas, and Prescott
(1989), Theorem 17.4). Therefore, there exists a value function J* € J for the
firm such that T'J* = J*. Let 6* denote the market tightness function computed
with J*, which then gives rise to vacancy value and mass functions II* and ¢*,
respectively. J* and * pin down the active job distribution A*, a worker reten-
tion probability p* and a search return function denoted by 7#*. Denote as U*
the unemployment value function computed with 8* and let p* be the associated
mass of unemployed workers. Let £* denote the contract policy function com-
puted with J*, 0% p* and U*. The functions {J*, 0%, p*, 7, U* 1I*, h*, ¢*, u*, £}

satisfy the conditions in the definition of the recursive search equilibrium. [J

W2 Identification web appendix

In this supplementary appendix, we show how properties of the theoretical
model map into conditional independence restrictions that can be used to de-
velop a non-parametric identification argument. In a nutshell, there are four
important features that can be used. First, coworker trajectories are indepen-
dent of each other conditional on the firm shock. Second, the way that workers’
lifetime utility and the productivity processes evolve together form a Markov-
switching model as described in Hu and Shum (2012). Third, in the absence
of flat regions in the Pareto frontier, the value of the worker maps into the
wage one-for-one. Finally, monotonicity of the target wage allows labeling the
unobserved states of firm productivity.

Our strategy consists of the following steps. To start, we describe the model’s
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data counterpart. Next, we show how the restrictions of the model help identify
the law of motion of the wage as well as the laws of motion of firm and worker
productivities. The conditional choice probabilities together with the Bellman
equation allow us to then recover the structural parameters of the model. This
procedure has the flavor of the two-step approach of Hotz and Miller (1993),
recovering the conditional choice probabilities before finding the structural pa-

rameters. All proofs are deferred to the last subsection.

W2.1 Data

Consider a worker i observed over T periods. Call X;; € {1,...,n,} his unob-
servable ability and Z; € {1,...,n.} his firm level match quality if employed,
with Z;;=0 if not employed. Y;; denotes the wage and is set to Y;;=0 for an
unemployed worker. We call M;;, the mobility realization between ¢t—1 and ¢,
where M;=0 if the worker stays in the same firm, M;;=1 if the worker moves to
a new firm, M;;=2 for transitions into unemployment, M;,=3 for transitions out
of unemployment, and finally, M;;=4 if an unemployed worker remains unem-
ployed. Note that the timing implies that a separation in the current period is
reflected in M, 1, not M,;, which is natural given the timing in the model where
the wage is collected before separation.

We supplement data on individual ¢ with information about K coworkers
who joined the firm at the same time as worker ¢ (potentially multiple periods
in the past) and index them by k(i,t). Their wages are denoted Y5,, where
Y$,=0 if the coworker became unemployed. For an unemployed worker i we
consider the coworkers of the last employer. Our data is then formed from a

random sample of sequences of the form {Y, My, Y5, s Y biet, . Nt=1..T-

W2.2 Identifying the choice probabilities

The first goal is to show that the structure of the model can be used to iden-

tify Pr{Yii1, MitH]Y;t,)N(it, Zit| as well as Pr|Z;11|Z;) and Pr[)N(it+1|)~(it] from
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the observed joint density of {Yi:, M, Yy, ..., Yi%: biz1,. Ni=1,..7. To improve

readability, we denote S;; = (Y, M;;) and think of Y, as a discrete outcome.?

Let K=2 and T'=4, which is sufficient for identification. Consider individuals
who joined an employer in period 1 and stay there for at least two periods, i.e.
condition on the mobility set M; = 1{M;; € {1,3}} - 1{M;,=0}. Furthermore,
we introduce Hyy = (Z;1, Zio) and Higs = (Zi, Zia, Zi3) as the sequence of realized
Z; in the firm that worker ¢ and all coworkers joined at t = 1. H;; denotes the
same sequences up to a permutation.

In Lemma W15 we recover individual-specific wage and mobility dis-
tributions jointly with the sequence of firm shocks captured by Hjs,
Pr[Si1, Si2, Sis, Sia, ﬁi3|Mz':1]. The proof relies on the property of the model
that conditional on the sequence of shocks H,s, the realizations of wages of all
coworkers are independent of each other because all common shocks must be
firm shocks.® This conditional independence structure allows us to apply the
result for discrete mixtures in Hall and Zhou (2003).

Lemma W16 uses the Markovian property of the contract to recover
Pr[Si3|SZ-2,)~Q2,F[Z-3,Mi:1] from Pr[Sfil’SiQ,Si:g’Sizl,ﬁig’Mizl] for a permuta-
tion Xjo of Xjo, which is (s3, s9, hg)-specific. The proof closely follows Hu and
Shum (2012) on the identification of a Markov-switching model. Since the
productivity process is independent of the wage process and match quality re-
alization, the condition of “limited feedback” required in the original paper is
satisfied. Additionally, we adopt a non-primitive rank condition on the law of
motion of wages.

Lemma W17 and Lemma W18 provide rank conditions sufficient to label X,

across values of (s3, 2, h3). These conditions require sufficient variation in Sy

2Using continuous outcomes requires changing the rank condition into a linear indepen-
dence requirement of the marginal distributions, see Allman, Matias, and Rhodes (2009)
Theorem 8.

3Here we can use the Z;; sequence directly, rather than the v, sequence, since different
coworkers started in the same period, and hence share the exact same Z;; history.
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and S;; across values of X;5. Once X, is consistently labeled, monotonicity of
the target wage w*(z, z) in z can be used to label and order the values of Z; in
each H;s history, see Lemma W19. In addition, under the assumption of diag-
onal dominance of the transition matrix, we recover Pr[Z;3|Z;s]. Lemma W20
uses the identified Pr[SZ-3|SZ~2,)~(Z~2, H;s, M;=1] to recover Pr[f(igpzﬂ]. At this
point, we know Pr[Y;s, M;s|Yia, X;o, Ziol, Pr|Z;3|Z;s] and PT[Xi3|X1‘2] for a com-
mon permutation of X, and Y;2>0. Since the model is stationary, this delivers
Pr(Yiii1, Miei1|Yit, X1, Zy) for Y;;>0 and the laws of motion Pr(Z; 41| Zi) and
Pr[Xi7t+1|Xit] in Lemma W21.

W2.3 Identifying the model parameters

After identifying the transition probabilities in the previous section, we are
interested in recovering the structural parameters of the model, in particular
f(z,2). Lemma W22 shows that the present value of the worker V(z, z,w) at
each state (z,z,w) is uniquely defined from the transition probabilities. One
complication of reconstructing this present value is to express the continuation
value at job losses because we don’t want to assume that the flow value of
unemployment b(z) is observed. To overcome this, we use the fact that workers
who are indifferent between working and not working exert zero effort, and so
their probability of quitting approaches one. Conditioning on * ~ 1, a worker’s
continuation value at the job is thus identical to the value of being unemployed.
Another difficulty is to reconstruct the value vj that the worker gets after a J2J
transition. This however can be addressed by using the present value conditional
on moving.

Recovering the production function f(z, z) is achieved in Lemma W23 based

1

on the property of the optimal contract that J'(z, z, V) Tk Using V(z, z, w)

= u
from Lemma W22, we can integrate the first order condition to get J(x,z,V)

up to a (x, z)-specific constant. This intercept is pinned down by the residual
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claimant wage w*(z, z), for which the expected profit of the firm equals zero.
One could ask if additional information would be able to discipline the two
functions u(-) and ¢(-). We show that even in the case where ¢(-) is not known,
V(z, z,w) can take the form of a Volterra integral equation of the second kind
with a unique solution under very mild conditions. As for the utility function
u(-), we note that an overall measure of passthrough from productivity to earn-
ings or an analysis similar to Guiso, Pistaferri, and Schivardi (2005) could help

measure the amount of risk aversion. We leave this for future research.

W2.4 Proofs
Lemma W15 (Firm shock history h). Pr[S;, S, Sis, Si4,ﬁi3|Mi:1] is iden-
tified from the joint probability Pr([Si, Sia, Siz, Sia, Y1, - Yi5u | Mi=1], where
Hjy = o(H;3) for some permutation o, under the assumptions of the structural
model and the following conditions:

i) Pr(Si, Siz, Siz, Sua| Hig, Mi=1] and Pr{Y$, 1, Y, 5, Y 5, Y al His, Mi=1]

3

have rank ny=n;.
it) There exists (Y1, Y2, Ys, ys) and (Y1, vh, ys, yy) such that for all values hs of
H;3 the following quantities are different:

Pr{Hz=hs, Y§=y1, Y=y, Yiss=3, Yisy=va| M;=1]
Pr[Hz‘?a:hSa Y;(él:y/lv YiEQZyéa Yi(észyéa Yz‘(2:4:yf;|Mi:H

Proof. We apply the identification result of mixtures, which depends on con-
ditional independence. In the model, the wage path of a given worker is a
function of the worker’s own shock sequence, but given the firm shock history,
individual-specific shocks are independent across coworkers. Hence, conditional
independence holds as long as we go far enough back to condition on the full

firm shock history shared between coworkers. For this reason we look at workers
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who enter in period 1 and write:

P?”[Sﬂ, ceey SZ'4, iil’ ceny K§4‘Mz:1]

= ZPT[H13|MZ:1] . P’I"[Sil, ceey SZ‘4, Y;(lzl, ceny }/;(54|HZ'3, Mlzl]

His

= ZPT[H@‘MZ:H . PT’[Sﬂ, ceey S’i4’H’i37 Mlzl]

His

X (H PT[ itlzcla (R3] }/;24|Hi37 Mz:1]> .
k

The objects of interest are Pr[H;s|M;=1] and Pr[S;, ..., Su|His, M;=1]. With
only two coworker observations we receive three independent measures of the
income sequence conditional on the sequence H;3 = (Z;1, Zio, Zi3)-

For convenience we write y = (y1,%2,¥3,94) and s = (sy, S2, 53, S4) With
respective supports of size n, and ns and construct a matrix B(y), defined for
a fixed value y, with the following elements:

[B<y)} = PT[(‘Sil? e Si4) = Sp, (Y;‘ila 7}/;54) =Yg, (Y;;lv e }/;34) = y’Mizl]'
pq
We further define the following matrices of interest:

|:LSH3 = PT’[(SH, ceey 524) = 8p|Hi3 = hq, Mlzl]

Pq

{LYfHS = PT[(YEM ) Yﬁ4) = yp’HiS = hqa Mizl]

pq

{DYZC,H3(y) = 1{p:q} ) PT[(Y;gla i) Y;;zl) =y, Hiz= hq|Mi:”'

- pq

Note that conditional mean independence gives:
B(’y) = LS\H3DYYQC,H3 <y)L/)/1C|H3 .

We then compute a singular value decomposition B(y') = USV’ where S is
a diagonal matrix with non-negative values of size n, x n,, U and V are of
size ns x ny and n, x ny. In addition U'U and V'V are the identity matrix of

size ny,. This gives us that U'B(y')V, U'Ls|n,, and Ly ;,V are full rank. We
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construct:
—1
UB)V (UBWIV) = U'Leun Dygn () Ly V
-1
x (U'LSHBD,@QHS@') 'Y%v)
-1

= U/LS\H:«;Dch:HS (y)DY2C7H3 (y/)il (U/LS|H3)

So, the eigenvalue decomposition of U’'B(y)V <U’B(y’)V> 1 delivers U’ Lg|, as
the eigenvectors. Since U is known from the SVD decomposition and condition
ii) guarantees that the eigenvalues are different, we find a unique Lgju, up to a
normalization and a permutation. The notation H,3 captures the permutation.
The normalization is pinned down by the fact that Lgy, is a density and hence
needs to sum to one. This gives us Pr[S;, ..., 5¢4|ﬁi3, ]\7[i:1].

A similar eigenvalue decomposition for (U 'B(y’ )V) _1U 'B(y)V  yields

Ly, and consequently Dy p,(y). From there we compute:

PT‘[HZg = hq|Mz:]-] =

where the second equality uses the fact that coworkers are interchangeable. [

Lemma W16 (Law of motion of ). Under the assump-
tions of the structural model and in the absence of flat regions
mn the Pareto  frontier, Pr[Siz=s3|Sia=sa, Xio=x, His=hs, M;=1],
Pr(S;y=s4|Sis=s3, Xjo=1, His=hs, M;=1]  and  Pr[Xi|Si, Six, His, M;=1]
are identified for each (ss, s2,h3) with so=(y2,0) and all values (s4,x), where
XZQ:O'SSSth (Xi2) for an unknown permutation oss,ps, if:

i) The matriz A(ss,ss, hs) has rank n,, where each element is defined as

apg = Pr[Si=s,, Sia=s2, Sis=s3, Si4:sq|fli3:h3].

it) There exists (sh,s4) such that for all xy and zh#x9 we have

Model - Identification - Data - Estimation - References Page W29 of W56



/\8278'2,8378'3 (xQ) # )‘82,8'2,83,85 (ZE/Q), where /\82785,8378'3 (I2> is defined as:

PT[SiSZS?)lSiZ:SZ»Xﬂ:fEQa Hi3:h37 Mz:l]

Pr(Si3=s}|Sis=59, Xjo=14, Hiz=hs, M;=1]
o PT[SiSZSé),lSiQ:SIQ»XiZ:wZaI:{i3:h37]\:4i:1]‘
Pr[Siz=s3|Sin=55, Xio=x2, Hiz=hs, M;=1]

)‘52,5’2,53,s{3 (x2) =

Proof. An implication of Lemma W15 is that Pr[Sy, Si3|Si2, Si1, Hs=hs, M;=1]
is identified. Below, we drop all ¢ subscripts and the conditioning on Hs=hs
and M;=1 to increase readability. We also focus on the case where the number
of points of support in S;; is the same as the number of points of support
in X;;. This can be extended to allow for larger support for S; by adding a
singular value decomposition as in Lemma W15. Such an extension, while being
straightforward, makes the notation more cumbersome and hence we omit it.

The first step is to manipulate Pr[Sy, S3|9,, 51|, following Hu and Shum
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(2012):
pT[S47 53’527 Sl]
=" Pr(Ss, S5, X2, X1[S2, 51

Xo X3

- ZZPT[S4|S37$27517X25X1] . PT[S37X2|527817X1] . PT[X1|327SI]

Xo X1

== ZZPT[S4|83,XQ] . PT[Sg,X2|SQ,Sl7X1] . PT[X1|52781]

X2 X1

= ZZPT[S4|S3,XQ] . PT[53|SQ,317X27X1] . PT[X2|SQ,81,X1] . PT’[X1|SQ751]

X2 X1
= ;;PT[S4|S3,X2] - Pr(Ss|Sy, Xy, X1] - Pr[Xs|S,, S1, X1] - Pr[X|S,, S1]
= XZXZPT[S4|53,X2] - Pr(Ss|Sy, Xy, X1] - Pr[Xs, X155, S1]
= XZXZPT[S4|53,XQ] - Pr(Ss|S,, X5] - Pr[Xs, X1|Ss, S1]
= ;PT[S4|53,X2] - Pr[S5]Ss, Xo] ~;PT[X2,X1]SQ, S1]
= XZPT[S4|537X2] - Pr[Ss|Ss, X,] - Pr[Xs| S, Si.

This manipulation relies on Pr[S,|Ss, Sa, S1, X2, X1| = Pr[S,]Ss, Xs], which
follows from the Markovian property of the contract where w;; is determined by
(x4, 21, Vi) together with the fact that, in the absence of flat regions of J(x, z, V),
conditioning on the wage w; is equivalent to conditioning on V; since m =
—J'(xy, 2, V). Having the sequence of firm shocks in the conditioning set is
essential because without it, the contract would lose its Markovian structure.
The wage process is still Markovian if a worker moves between periods 2 and 3
or 3 and 4 because the underlying match quality is reset to 2y and hence there is
still no time dependence. The same argument applies to Pr[Ss|Ss, S1, Xo, X1] =
Pr[S;|Ss, X2, X1] and to the limited feedback property that allows us to use
Pr[Ss|Ss, Xo, X1] = Pr[Ss|Ss, Xs].4

4See Hu and Shum (2012) for a precise definition of limited feedback.
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In a second step, we continue by defining the following matrices:
{LS4,S3\82,51:|pq = PT[S4:SP, 53:83‘52282, Slzsq]
{LS4|53,X2Lq = PT[S4:S;;|53:83, X2:Sq]
{szwszvsl]pq = Pr[Xo=m,|Sy=s2, S1=5],
as well as a diagonal matrix Dy,)s, x, with elements:
[DSS\SQ,XQ]W = 1{p=q} - Pr[S3=s3|Sy=s2, Xo=1,].
The result of the first step in terms of these matrices for (si, sq, s/, s5) is:
LS4,83\82751 = LS4|83,X2D83|82,X2LX2|82,51 (2)
LS4,S’3\S2,S1 = LS4|5’37X2D8'3|S2,X2LX2|82,51
L1590 = Lisalsy, xoDsylsh, X2 Lxs)s,8
LS4,83\5’2731 = LS4|83,X2D53Is/z,XzLlesg,Sl-

Since assumption i) ensures that these matrices are invertible, we compute:

-1 -1 _ T —1
LS4753‘Z/27Y1 S4,Sé|y2,Y1 (LS475,3|?J§7Y1 LS4,53|yé,Y1) - LS4|337X2DLS4‘83,X2 )
where

N -1 -1
D = D,y x, D3 Dy x, D

shly2,Xo s3lyh, Xa

Hence, as long as the diagonal elements of D are distinct, as guaranteed
by condition ii), the eigenvalue decomposition of the left hand side identifies
Pr[S;=s4]55=s3, XQZ.Z’Q] as eigenvectors up to a permutation of the values x
that are specific to (ss, s}, S2, 55, Hj3) and a scaling factor. The scaling factor is

pinned down by the fact that the probabilities have to sum to 1. In addition,

noting

1 ~
—1 -1 _ —1
(LS4,sg|s/2,SlLS478'3|S2,51) LS4,33\5’2,5’1LS4,53|52751 - LX2|52,S1 DLX2\527S1’
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this shows that the same ordering of eigenvalues delivers Ly,)s, s, with the same
permutation of Xy, i.e. Pr[X,|S,,S1]. Combining these as in equation (2) gives

Days5.x,, Which is our third object of interest Pr[S3| Sy, Xa). O

Lemma W17 (Labeling x within h). For each history hs, we can align the
Osssohs (+) permutations of X across values of (ss3, s2) if:

i) For each history hsy and any xo, vh#x9 and ss, there exists s4 such that

Pr[Siu=s4|Siz=s3, Xia=13, ]:11;3:]13, ]\_42-:1]
# Pr(Siu=s4|Sis=s3, Xiz=1, Hy=hs, M;=1].

it) For each history hs and any xo, rh#x and s, there exists s; such that

Pr[Xo=u,|Sin=59, Sii=s1, His=hs, M;=1]

# PrXip=1,|Sin=5s, Su=s1, I:IZ‘3:h3, Mizu.

Proof. We start matching the labeling of X;» within values of (s3,h3) by us-
ing the identified Pr[S;y=s4|Si3=s3, Xio=x9, His=hs, M;=1] from Lemma W16.
Taking two values so#s), for a given s and hs, we can now pair vectors us-
ing condition i), which guarantees that only the same x5 will be equal in
Pr[Siy=54|Sis=s3, Xis=12, Hiz=hs, M;=1] at all s,. This resolves the labeling
of X;s across s, within values ss.

Next, we turn to X;» permutations across sz values. For this,
we use Pr[f(ig\Sig,Sﬂ,ﬁig,Mizl] from Lemma W16 and fix a common
(s2,h3). For two different ss#sj, condition ii) allows us to match the
permutation over x, values because it ensures that for any two values
xo#xh, the corresponding vectors PT[Xi2:x2’8i2:32,SZ’1251,F[igzhg,Mizl]
and Pr[XiQIxé|SrL'2:82,SZ'1:817ﬁi:;:hg,Mi:l] differ in at least one s; value.

This means that all permutations of X5 across different s;3 are labeled. O
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Lemma W18 (Labeling x across h). We can align the og,s,n,(-) permutations
of X, across hs if:

i) For any (z1,29) and (21, 25)#(21, 22), there exists (s3, S2, $1) such that
Pr(Siz=s3|Sin=52, Su=s1, Zn=21, Zn="=2, Mizl]
# Pr[Siz=s3|Sin=5s2, Su=5s1, Zn=2, Zin=2, Mz:l]-
it) For any xo, xh#xe and (21, 22), there exists (s, s3) such that

PT[Xi2:x2|Si2:S27 52‘1281, Zﬂ:Zh Zz‘2=Z2; Mizl]

# Pr[Xp=1x}|Sin=s, San=s1, Zii=21, Zip=20, M;=1].
iit) For any z3 and z4#zs3, there exists (s3,s4) such that
3" Pr(Suu=s4|Siz=s3, Xio=s, Ziz=z3, M;=1]
2
+ Z Pr[Siy=s4|Siz=s3, Xio=12, Ziz=24, Mi=1].
2

i) For any 3, xe # x4 and z3, there exists (s3,s4) such that

PT[S¢4:84|Si3=53, Xi2:x27 Zi3z=123, Mizl]

# Pr[Su=s4|Sis=ss3, Xia=1}, Zig=23, M;=1].

Proof. First, we want to align the labeling of X;» across z3 for fixed values
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(21, 22). To tell which hj histories share the same (21, 22), we construct:

ZPT[Si:s’SiQ,XiQ:iU% f{iBa Mizl] : PT[Xi2:$2|Si2> Sit, F[z'& Mizl]

T2

PT[Zi?)‘SiZ? 51'1, XiQ = T2, i1, Z; Mizl]

=" Pr(Si|Si, Xin=1s, Zir, Zin, Mi=1] - i
% [ 3| ? e ' ? ] PT[ZB’SQ,Si1>Zi1>Zi2:Mi:1]

x Pr[Xy = 2|Si2, Sin, Zin, Zia, Mi=1]

X /] P ZZ ZZ 7Mz:1
=Y Pr(Si|Si, Xio=22, Zir, Zin, M;=1] - 2|2 ~ ]
" Pr(Zi3| Zin, M;i=1]

x Pr[Xiy = 13|Si2, Sit, Zir, Zia, My=1]

= ZPT[Si3|Si27 Xz'z:l’% Zi1, Lo, Mz:l] : PT[XQISC2|S¢2, Sit, Zit, Zia, Mz:l]

z2

= Pr(Sis|Si2, Sit, Zi, ZiQ,Mizl]’

where all probabilities in the first line have already been identified. Condition
i) states that Pr[S;3|Si2, Si1, Zi1, Zio, ]\_41:1] is separable, hence we can partition
the hg histories into subgroups with identical (z1, z2) without knowing the actual
values of the pair (z1, 22).

We label the values x5 across z3 following the same procedure used across ss
values in Lemma W17. For two different histories h3 and A4 with the same
(z1,22), we compute PT[XiQ‘SiQ, Si, Zin=z1, Zin=2y, M;=1]. Taking a given
value zy in hg, condition ii) ensures that there is only one value for X, in Y
with identical PT[XZQ:ZL'2|SZ'2:SQ, Si=s1, Zin=21, Zig=29, M;=1] for all (s, s5),
and this value is the same z5. Hence we have now aligned the values x5 across

different z3 for each value pair (27, 22).
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Next, we observe:
pT[SM‘Si&Xi%FIi&Mi:l]
=> Pr(Si, Xiz=13|Si3, X, Hiz, Mi=1]
T3

= Z PT[SM‘SB;XB:-T&XZ'% ﬁiza Mz:l] : PT[XiZS:xB‘SiS;XiZ; ﬁi:}; Mizl]

x3

-2 Pr(Su|Sis, Xis=x3, Xig, Zig, Mi=1] - Pr[Xis=ws|Sis, Xz, Zis, Mi=1]
T3
= PT[Si4|Si37 XZQ; Zi?); MZ:1]

For each hs we can construct )., Pr[Si4:s4|Si3253,X'i2:x2,Zi3:z3,]\_42-:1].
This quantity has two important properties. On the one hand, it does not
depend on the ordering of x5 values, and on the other hand, it does not depend
on (z1, z2). Then condition iii) allows us to partition the hg histories into groups
with common z3 values by looking across values of (S, Si3).

With this in hand, we take two histories hs and A% with
identical 23, and compute for a given x5 in hs the associated
Pr[Siu=s4|Sis=53, Xjo=19, Zis=23, M;=1]. Condition iv) guarantees that
only one value of X, in Ry, ie. the same zy, will have the exact same
PT’[SZ'4:$4’S7;3:83,X1'2:$2,Zigz,Zg,Mi:l] for all (s4,s3). This allows us to
align the values x4 across hg within the same z3.

Finally, we conclude that aligning all hg with common (z1, z3) as well as all

hs with common z3 in fact aligns the og,s,n,(-) permutations across all hy. O

Lemma W19 (Labeling z). We can identify the values zo for each history hs if
there exists xo such that for all (23, 24) the target wages w*(xs, z9) and w* (x4, 25)
lie at different yo values. In addition, we can identify the values of z3, and hence

Pr(Z;3|Zio] under the assumption of diagonal dominance.

Proof. We rely on the monotonicity property of w*(z, z) in z within a given value

x. If the current wage ys is below w*(xq, 23), the wage will increase between

Model - Identification - Data - Estimation - References Page W36 of W56



periods 2 and 3, and if it is above w* (x4, 22), the wage will decrease. Hence for
a fixed value x5 and for each hsz, we can get the bin of y, that includes w*(xo, 22)

by computing

y;(h?), 902) = Inaxys

s.t. PrYi < Yia|Xio=rs, Yio=ya, Hiz=h3, M;3=0, M;=1]=0.

For any history hs we have thus recovered the associated value of the target
wage. As long as there is a value x5 for which w*(x9, z5) and w*(xs, 25) are in
different gy, cells, we can order the y3(hs, x2) values across values of h3, and given
the monotonicity of the target wage in match quality, this gives us the values of
2o for each history hs. Simply put, calling z5(h3) the value of 25 in h3 and for the
particular x> from the assumption, we get that z;(hs) = 7= 325 1[y5 (R, z2) <
ya(hs, x3)]. Here, it is key to be able to correctly label the values xo across
histories hs.

From Lemma W18 we already know which histories h3 have a common z3.

Take such a set of histories that share a given z3. Find the hs in that set

such that Pr|[H;3s=hg|Zio=29(h3)] > Pr[H;3=h}|Zia=z22(h3)] for all possible hj
unconditionally of all other variables. For this particular hs we know from
diagonal dominance that z3(hs)=z2(hs). This pins down the z3 value for the
whole set. Given that we now know z, and z3 for all Az, we can construct the

transition matrix Pr[Z;3|Z). O

Lemma W20 (Law of motion of x). Using the identified
PT’[Si4|SZ'3, XZ'Q, ﬁig, Mlzl] and PT[Si3|SrL'2, XZ'Q, I:Iig, Mlzl], we recover
Pr[Xis| Xis] up to a common labeling if the matriz of Pr(Sis|Siz, Xiz, His, M;=1]

with (S;s, Si2, f:{ig) in rows and Xy in columns has full column rank.

Proof. Using the identified Pr[S;|S;s, Xia, Hys, M;=1] we write for all (s4, hs, 2)

Model - Identification - Data - Estimation - References Page W37 of W56



and all s3 = (y3, mg) with mz=0:
Pr(Suu=s4|Siz=s3, Xio=2, Hiz=hs, M;=1]
=" Pr(Su=s4|Siz=s3, Xis=13, Xin=a, Hz=hs, M;=1]
3 ~ ~ ~

x Pr[Xis=x3|Sis=s3, Xis=w, His=hs, M;=1]
= ZPT[Si3:S4’Sz2283,X12:$3, H2‘3,:}137 Mizl] : PT[X¢3:SU3|Xz‘2:372],
3
where the last line is derived from the following two considerations. First, we
can manipulate Pr[S;=s4|Si;3=s3, Xis=wxs, Xjo=12, Hiz=hs, M;=1]:
Pr([Si=s4|Siz=s3, Xi3:$37Xi2:$27 F[i?):hi’n Mz:l]

= Pr(Su=s4|Yis=ys, Miz=0, Xiz=13, Xin=w2, Hiz=hs, Miz=0, M;;€{0, 3}]

= Pr[Su=s4|Yiz=ys, Miz=0, Xiz=x3, Ziz=23(h3)]

= Pr[Siz=s4|Yio=ys3, M;>=0, )N(i2:333, Zig=23(hs3)]

= PT[Si3:S4|Si2:33a Xz‘2=$3, Zi2=Z3(h3), Mz‘:l]

= Pr[Siz=s4|Sin=s3, Xin=13, Hiz=h3, M;=1],
where the Markovian property of the contract gives us that

PT[SZ'4|51‘3,XZ‘3, Hz‘g, Mzzl] = PT’[SZ'4|SZ‘3,XZ‘3, Zz ] and Stationarity of the
environment insures that Pr[Si|Sis, Xis, Zi3] and Pr[S;s|Sie, X2, Ziz] are the
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same. Second, Pr[X;3=3|Sis=s3, Xjo=14, Hiz=hs, M;=1] simplifies to:

PT[Xi:z:l’s’Si?,:SB, X12:$2, ﬁi:z:h?n Mizl]

_ PT[Xz‘3=$37 Sz‘3=S3|Xi2=372, lffzg:h:a, ]\Z/i:l]

N PT‘[SZ‘3:83|X¢2:{E2, ﬁig,:hg, Mlzl]

o Z PT[XiSZ%, Siz=s3, Si2=52|Xi2=I27 Hi3:h37 Mz:l]
N s2 PT[Si3:53|Xi2=$2,lffi?):h?,,]\;fi:l]

Pr[Sig=s9| Xjo=w9, Hiz=hs, M;=1]

= Z PT[XB:ZU:%, 513:53|Si2282,)~(i2:362, ﬁi3:h3, Mz':l] :

52

PT[SB:S?)’XZQZZ‘%ﬁi3:h3aMi:1]
=" Pr[Xis=x3|Sin=59, Xio=w9, Hiz=hs, M;=1] - Pr[Siz=s3|Sia=52, Xjo=1, Hiz=h3, M;=1]
52

o PT’[Si2:S2|X¢2:$2, Hiz=hs, M;=1]
PT[Sz'3:S3|X¢2:$2, ﬁi3:h3; Mizl]

PT[Sz'3:S37 Si2:52‘)~(i2:x27 ﬁz‘szhs, Mizl]
Pr(Sis=s3| Xig=14, Hiz=hs, M;=1]
PT[SZ'3:83, 512:52\Xi2:$2, ﬁ’i3:h3a Mz:l]
Pr[Sis=ss|Xiy=12, His=hs, M;=1]

= Z PT[)NQSZZU?,‘S&:SQ, Xm:l’z, 21'2222(}13)] :
52

= ZPT[Xi3=$3|Xi2=£E2] :

52

= Pr[Xigzmg\Xi2=x2],

where X3 is independent of M; due to its Markovianity. Furthermore, X3 and

S;3 are independent of each other given (S;2, X;2, Z;2) in the optimal contract.
Hence, we get a linear system in Pr[X;3|X;,] and the linear independence of

Pr[S;3|Sie, Xﬂ, ﬁig, Mizl] across values of Xig is sufficient to guarantee recov-

ering Pr[X;3|Xi2] up to a common permutation. ]

Lemma W21 (Stationary laws of motion). From Lemmas W16, W19 and
W20 we identify PrYiei1, Mioi1|Yie, Xie, Zu] for Yu#0, Pr(Zi1|Zy) and
PT[Xz',t—H'Xit]-

Proof. The identified Pr|[S;3|Sia, Xio, His. M;=1] is equal to Pr[S;s|Si, X;o, Zis)
with M;3=0 due to the Markovian structure of the model, see Lemma W20.
For any Y;3>0, the contract is also independent of M;y given (S;, X2, Zi1)-
Since this delivers PT[SB]YZ-Q,)@Q,ZQ] with Y>>0, stationarity of the model
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allows us to generalize and hence we identify Pr[Y;;;1, Mi7t+1|Yit,)~(,-t, Zy] for
Y;;>0 . Similarly, stationarity of the structural model also allows us to conclude
that Pr{Zs|Zi) = Pr(Zi1|Za) and Pr(Xs| Xi] = Pr(X; 1| X, recovered in
Lemmas W19 and W20. [

Lemma W22 (Worker expected present value). With known utility function
u(+), cost function ¢(-) and discount factor 3, and in the absence of flat regions
in the Pareto frontier, we show that the present value of the worker, V(x, z, w),

is uniquely defined from the transition probabilities of Lemma W21.

Proof. In the absence of flat regions in the Pareto frontier, we can use the wage,
w, as a state instead of the promised value, V', and thus express the expected
worker value as V' (x, z, w), which we aim to identify at any given state (z, z, w).

With w'(z, z,w) denoting the wage function, recall from the model section:

V(x, z,w) = supu(w) — c(e) + Bé(e)Ey [U(z')|z] + B(1 — d(e))rp(0(z,v1))v1

+B(1=d(e)(1 = rp(B(x, v1)) Ewr [V (2, 2/, 0 (2, 2,w)) |, 2]
= u(w) — c(e) + OBy [U(2")|x] + (1 — §)Brp] - vi(z, 2, w)

+ B(1 = 6)(1 — kp})Ep o [V (2!, 2,0 (2, 2, w))|2, 2],

where we abstract from the lottery and substitute in the optimal policy
(0%, ", p).

We now replace expectations and present values with empirical counterparts
and construct a recursive expression for V(x,z,w). Note that we can write
v1(z, z,w) and vy(z) as functions of the empirical transitions from Lemma W21:

v1(z, 2, w) = By [V (2, 20, W) | X =2, Z=2,Y =w, M'=1]

0o(2) = B [V (2, 20, w")| X =2, M'=3],

where the expectations are taken with respect to Pr[X,;;+1|X;] and
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Pr(Su|Si+—1, Xi—1, Zi—1]. Replacing them in V(x, z,w) gives:

V(z,z,w) = u(w) — c(e") + B6"Bo [U(2") |2]
+ B(1 = 0)kpi B [V (2, 20, w") |, 2, w0, M'=1]

T B(1 = 8)(1 = Kp})Eararr [V, 2/, ), 2, w, M=),

where the unknowns are the functions U and V. To get U(x) note that in the
model, as effort approaches zero, the worker is indifferent between working and
not working. With the previously imposed normalization d(e) = 1 — e, this
point of indifference is where the job destruction probability é approaches one.

Let’s then define:

V(x, z,w) = kpi By [V (2, 20, W) |z, 2, w0, M'=1]

+ <1 B KpT)EfE/Z/w/ [V(SLJ? 2/7 wl>’xa Z, W, M/:O]a
and call w(z, z) the wage such that:

w(z, z) = arg min 3 (z,z,w) st 0"(x,z,w) < 1.

The first order condition ¢(e*) = BV (z, z,w) — BEu[U(a')|z] together with
(0) = 0 then implies Eo/ [U(2')|z] = V (z, z,w(z, 2)), which we plug in:
V(z, z,w) =u(w) — c(1 — %)
+ B kP By [V (2, 20, W' |2, 2, w(x, 2), M'=1]
+ 86" (1 — kpy) Epron [V (2, 2/ 0" |2, 2, w(z, 2), M'=0]
+ B(1 = §)EpiEpraw [V (2, 20, w') |2, 2, w0, M'=1]

+ B(1 = 0)(1 — 5P} Epror [V (2, 2/, 0') |2, 2, w, M'=0].

This mapping expresses V(z,z,w) as an integral equation and satisfies the
Blackwell-Boyd conditions of discounting and monotonicity. We thus establish

uniqueness of the identified value function of the worker. O
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Remark W1 (Identifying c(-)). We can go one step further and find the func-

tion c(-) itself. Starting again from the effort decision,
(1 -0z, z,w)) = ﬁV(w, z,w) — BEL[U(2")|x],

we multiply both sides by 07 (x, z,w), the derivative of §*(x, z, w) with respect to

w, and integrate from w(x,z) to w. This gives:
(1l — 8 (2 w)) = 5/1: RACERD <f/<x,z,u) —Ex/[U(x’)|a:]> du
= 5/1: )5;(x,z,u) <I7(w,z,u) —V(z, z,w(z, z))> du,
which can be substituted ba;k ;'nto the main equation to get:
V(z,z,w) )+ / o (z,z,u (‘N/(x,z,u) - ‘N/(x,z,w(:v,z))) du

+55*V($,Z,@(1’,2))
+ /6(1 - 5*)‘7(1', Z,U)),

where 0} (x, z,u) < 0. This appears to have the form of a Volterra equation of
the second kind. FExistence and uniqueness is then guaranteed under very mild

conditions, see Evans (1911) and Abdou, Soliman, and Abdel-Aty (2020), and
V(x, z,w) is uniquely identified.

Lemma W23. f(z,z2) is identified from V(x,z,w) and the properties of the

model if the transition rules of X;; and Z;; are invertible.

Proof. We use V(x, z,w) from Lemma W22 and the property that J'(z,z,V) =

—ﬁ, which is integrated to identify J(x, z, V') up to a (x, z)-specific constant
a(x, z). Denoting as w(x, z, V) the inverse function of V(z, z,w), we have:
v 1
J(z, 2, V) =a(z,z) — /V(m’w*(x’z)) —u’(w(x, ) dw.
At the target wage w*(x, z) wages stay constant, w'(z, z, w*(z, z))=w*(z, z), and

expected firm profits are zero, E,..[J(2', 2/, V (2, 2/, w*(x, 2))|z, 2]=0, so we get
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the following linear system for the intercepts a(z, z):
0=> > Ep[J(@, 2, V(2 wz,2))|z, 2]
=> > Eyla(e, )|z, 2],

where invertibility of the transition rules guarantees that all a(z, z) are uniquely
defined. This identifies the J(z, 2, V') function.
The final step is to use the Bellman equation of the firm’s contracting prob-

lem to recover the production function:

flz,2) = J(x, 2, V(x, z,w" (x, 2)) + w*(z, 2).

W3 Data web appendix

W3.1 Institutional background

In this section we discuss the institutions associated with wage setting in Sweden
during the years in the data. An important aspect of the Swedish labor market is
the presence of Industrial Agreement (IA). In the 1990’s many such agreements
were put in place, specifying wage floors that were negotiated at the industry or
firm level. A National Mediation Office was also established with the power to
appoint mediators. Fredriksson and Topel (2010) presents a detailed picture of
the different systems using sources from the Swedish Mediation Office Annual
Report (2002). To get an overview, we briefly describe the different models of
agreements with their share in the private sector:

1. Local bargain without restrictions (7%): wage increases are set fully locally

between the employer and the employee.

2. Local bargain with a fallback (8%): wage increases are set locally, but if the

parties cannot agree a central agreement specifies a general wage increase.
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3. Local bargain with a fallback plus a guaranteed wage increase (16%): same
as before, but with an additional minimum wage increase guaranteed by

the central agreement.

4. Local wage frame without a guaranteed wage increase (12%): the local
parties receive a total wage increase, but they can decide locally how this

total increase is distributed across employees.

5. Local wage frame with guarantee or a fallback regulating the guarantee
(28%): same as before, but with in addition either a guaranteed wage

increase or at least a fallback in case an agreement cannot be reached.

6. General pay increase plus local wage frame (18%): a specified pay increase
plus a total increase that can be split among employees in a way which is

decided locally (as in model 4).

7. General pay increase (11%): a pay increase specified by the central agree-
ment.

From these numbers, we note that at the two extremes, 11% of private sector
workers are subject to a general pay increase and 7% bargain over their wages
without any restrictions. The remaining 82% of agreements involve some level of
local negotiation and hence the wage variation should reflect firm performance
(please refer to Table 3.3 in Fredriksson and Topel (2010) for more details).

While all these institutions are in place, how flexible the realized wages are
and how they relate to productivity remains an empirical question. Indeed
Fredriksson and Topel (2010) says: “While the ITA model may have delivered
incentives for wage restraint at the aggregate level, it is reasonable to think that
it has had a minor influence on the wage structure.” Carlsson, Hakkinen Skans,
and Nordstrom Skans (2019) find evidence of flexibility in response to local
shocks, pointing to an ability of wages to adapt to local productivity. Taking

stock, we believe the richness of the data in the Swedish economy, together with
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a significant level of wage adjustment at the employer level, provides a natural

environment to study the contracting between employer and employee.

W3.2 Moments description

Based on the quarterly sample we compute the following transition rates:
52 5 iy > 0 and i1 = 0}
ppU2E _ 4>l

= 5 Wjig1 =0}

i g>1

5> % 1{jiq # jig1 and jig > 0 and iy 1 > 0}
i g>1

> % i > 0 and jiy_y > 0}
i g>1

5 % 1{jig = 0 and gy > 0}

P,,,EQU _ q>1

= = Wiig1 > 0}

i g>1

q

P?"JQJ —

Next, for convenience, we define the empirical mean, variance and covariances
over a set S of observations, which are effectively conditional empirical expec-

tations, for any random variables X;; and Yj:

> X
(i,6)eS
Eg [X;] = ———
S[ zt] Z 1
(i,t)esS
Vars [Xi] = Es |(Xa — Es [Xu))’]

Covs[Xir, Yae] = Es|(Xit — Es Xur) (Yir — EsYir)|.

Let 7V2E(1) and 7,7%%(2) be the first and last transition from unemployment to

employment within the sample for worker i. Since we use earnings, we use the
yearly data. This gives:
Tl(l) = min {t >0s.t. jiu >0 and Jit—1 = 0}

7;(2) = max {t > 0s.t. j; >0and j;_1 = 0}.
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We then define the following sets S

S ={(i,t) st. ju>0}
SPE = {(i,1) s.t. ju>0 and j;z_1>0}
SPEE = {(i,1) st ji>0, ji-1>0 and j; >0}
SEAE — {(z’,t) s.t. 7;>0 and jit,2>0}
SUE = {(i,t) s.t. ju>0 and j;z_1=0}
S92 — {(i,t) s.t. ji>0, jir_o>0 and jit%jit_g}
S% = {(i,t) st. ju>0 and jiy=ji 1 }
§% = {(i,t) s:t. ju>0 and ju=jiu-1=ji2}
SUEUE = {(i) s.t. 75(1) > 0 and 73(2) > 0}.

This directly defines all moments in Table 1, except for the last, for which we
construct the retention probability
zi: %: Wy = j and jir—1 = j}

; 2 Wji-1 =13}

Djt =

and compute Covger [A log(1 — pji,.¢), Alog wit}.

Finally, to get standard errors of the moments we employ a bootstrap strat-
egy with 100 replications. For all individual-specific moments, we bootstrap at
the individual level, while for moments involving firm quantities such as y;; and

Djt, we bootstrap at the firm level.

W4 Estimation web appendix

In this appendix we detail the estimation procedure. In order to obtain the
parameters via indirect inference, we solve the model at each parameter value,

simulate data and finally compute the moments.
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W4.1 Numerical solution to the model

We choose n, = 7, n,, = 3 and n,, = 5 points of support for the productivity
types, which results in a total of 105 different productivity levels. The promised
utility has 200 points of support and is linearly interpolated. For a good starting
value in the iterative procedure, we initially solve a simpler model without on-
the-job search and the agency problem by iterating over the firm’s value, solving
the tightness function and updating the worker’s problem.

Solving for the optimal contract is a computationally difficult problem, hence
we try to keep it tractable. Given that the solution to the search problem is

needed many times, we parameterize the p(xz, W) curve for each z as follows:
pla, W) = a(a) + bz)(W — W ()"

The fit of this function provides an R-square larger than 0.99. The benefit
of this parameterization is that the optimal search decision, the probability to
receive an offer and the return to search can all be computed in closed form.
Similarly, we introduce a second functional approximation for the value to the

firm and approximate it using a power decomposition:
J(x,2,V) =a(z,z) + Z — Oz, 2)) @2,

Setting K=1 provides an R-square above 0.99.
Based on these two functional approximations, we look for a fixed point. To

do this, we solve the firm problem in its recursive Lagrangian representation:

P(x,z,p) =inf  sup > m(f(x, z) —w; + p(u(wi) + 7(x, Wl))

Y, Wi > W () =1,2
- ﬁwiﬁ(x7 VVZ)Wl + ﬂﬁ(xa Wi)Ex’z’ [P(xl? 2/7 wi)|x7 Z]) .
This requires finding the optimal w; at each state, which we obtain from the zeros

in the first order condition. We then iterate over updating the firm problem, the
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tightness function and the worker’s unemployment value. During our iterations
towards the fixed point, we update the equilibrium condition at a decreasing
rate to avoid oscillation around the solution. We stop this procedure when the
mean square error (scaled by the total L, norm) is below 107% between two

consecutive iterations for all value functions.

W4.2 Simulating moments

The challenge when computing moments is to simulate firms as bundles of work-
ers, each sharing a history of shocks. We draw a sequence of 1, shocks and
construct the corresponding paths of match quality z;. The v; sequence can be
thought of as a circle on which workers evolve as part of a firm, and so repre-
sents an infinite sequence of shocks. Workers who move to a new job start at a
randomly chosen new point on the circle and are assigned a z; = zy. They then
follow the predetermined sequence of z from that point forward. All workers at
a given point on the circle are coworkers.

In practice we use a circle of length 200 and simulate 20,000 workers with
random starting points. Discarding a burn-in period, we finally focus on the
last 30 periods of data. When computing the simulated moments, we repeat
the simulation 20 times. For each simulation we redraw everything, including

the v, and z; sequences, and take averages over the replications.
W4.3 Optimization
Our objective function is given by
O(f) = (M — M(9))W(M — M(9)),
where M is the vector of moments from the data, W is a diagonal matrix of
weights and M (6) is the vector of moments simulated from the model. We

weight all moments in the model by the inverse of their value in the data, with

the exception that we scale the auto-covariances by their variances because the
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Figure W1: Surrogate line search
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Notes: This plots an example of our surrogate line search in the direction of the
parameter vy, associated with effort cost. The blue dots are individual evalua-
tions, the orange solid line is the fitted spline, the dashed line shows the previous
value and the red vertical line is the updated number. Close to the end of the

optimization the update is very small and minimizes the objective.

auto-covariances are often close to zero.

Our optimization procedure is a custom surrogate line search, i.e. we choose
a direction in the parameter space and evaluate 100 points in that direction. We
then fit a smoothing spline, picking the smoothing parameter to minimize the
leave-one-out mean square prediction error. We finally pick our new parameter
as the minimum of that smoothing spline. See Figure W1 for an example of

such an approach.

W4.4 Computing standard errors

To derive the standard errors we ignore simulation noise and employ the con-
ventional sandwich formula using the diagonal variance covariance matrix for

the moments 3:

1 (aM(e)’ 8M(0)>_1 OM ()’

w 50 WEW 50

Y. 90 44

oM (6) <8M(9)’ aM(9)>‘1
0 0 ’

ny
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where ¥ is estimated by bootstrap and where we set all off-diagonal terms to
zero. We scale by the number of firms n; because some moments are computed

at the firm level and we consider an asymptotic with many firms.
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Figure W2: Slices of the objective function
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Notes: This plots the objective function against each parameter, away from the

optimal parameter value. The y-axis is log-scaled.
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Figure W4: Sensitivity measure
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Notes: Measure of sensitivity from Andrews, Gentzkow, and Shapiro (2017).
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Figure W5: Sensitivity measure for level variance decompositions
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for the counterfactual decomposition from Table 1. This reflects how changing

one of the data moments by one unit would affect the counterfactual variance

attributed to each of xg, x1, z in match output and in wages.
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