Supplementary Appendix for
“Discretizing Unobserved Heterogeneity”'

In this supplementary appendix we provide details on various aspects of the theory, and we report

additional results.

B Conditional first step

In this section of the appendix we study some theoretical properties of GFE based on a conditional
first-step, under a series regression specification. We first study the case where a;y does not vary over

time, and then turn to the time-varying case.

B.1 Convergence rate for the first step

We make the following assumption, where g(z,a) = Ex,,—2 ap=all(Yi, Xit)], and f, denotes the

conditional density of X;; given p,q = p.
Assumption B1.

(i) There exists an integrable function wx such that f,(x) < wx(x) for all x, .

The mazimum eigenvalue of [ Py(z)Py(x)wx (z)dz is O(1), and sup, [ ||lg(z,a)|?wx(z)dz is
bounded.

There exists a constant ¢ > 0, independent of ¢ and T, such that the minimum eigenvalue of
% ST Py(Xi)Py(Xit)' is larger than ¢ + o,(1), uniformly in i.
(ii) Let A denote the parameter space for o;. For all a € A, g(-,a) € G C L*(wx).
N T
lg(z,0) = g(z, )| < C@)llo’ — all, where g7 3551 Yoy C(Xir)® = Op(1).
There ezist a constant a > 0 and a sequence of functions B,(-) such that sup, , ||g(z,a) —

Fy(x)'By(a)l = Og™).

2
(iii) Let gy = h(Yie, Xir) — g(Xir, io). Then & 32N H% ST Py(Xa)ew|| = Op(q/T).

(iv) There exists a Lipschitz-continuous mapping ¥ : G — A such that ¥(g(-, ai0)) = 0.

Parts (i) and (ii) in Assumption B1 will be satisfied when using a suitable family P,. The condition
on the maximum eigenvalue of [ P,(z)P,(x)'wx (x)dz in part (i) is without loss of generality. In part

(ii), a = s/r for splines and power series, where s is the number of continuous derivatives in x of

'We thank the IFAU for access to, and help with, the Swedish administrative data.



g(z,a), and r is the dimension of X;;. Part (iii) holds under standard conditions on moments and
serial dependence. Part (iv) is an injectivity condition.

To illustrate these conditions, suppose X is scalar, and consider a family of polynomials that
are orthonormal with respect to the uniform distribution on [—1,1]. If wx is bounded by a constant
B > 0, then [ Py(z)P;(z)'wx(z)dz is bounded by BI,, where I, is the ¢ x ¢ identity matrix, so its
maximum eigenvalue is bounded. If in addition we assume that f,(x) > b for all x, u, where b > 0 is
a constant, then E, —, (Py(Xit)Py(Xit)) > bl, for all 4 and ¢q. Newey (1997, Theorem 1) provides
conditions under which, for given 4, the minimum eigenvalue of 4 Zthl P,(Xit)Py(Xit)' is larger than
¢+ 0p(1), for some constant ¢ > 0. Specifically, Newey’s conditions require that X;; be i.i.d. over time
(here, conditional on 1,4), and sup, ||FPy(z)|[r < (, with qgg/T = 0(1), where ||A||p = (Tr A’A)1/2
denotes the Frobenius norm of A. From this he obtains that H% Zthl Zit|F = 0p(1), where Z; =
Pq(Xi )Pq(Xz‘t)/ - Euw (Pq(Xi )Pq(Xz‘t)/)-

In the present context, to guarantee that the minimum eigenvalue of %ZZ;I P,(Xit)Py(Xit)" be
larger than ¢ + op(1) uniformly in i, we need the stronger uniform condition max; ||% Ethl Zillp =
0p(1). Results from random matrix theory are helpful to provide primitive conditions for this. For
example, using the matrix Bernstein theorem (Theorem 1.4. in Tropp, 2012), under the assumption

that X;; are independent over time conditional on ji;5, we have for all e > 0, i, ¢, and 7™

.

where recall that ||A|| denotes the spectral norm of A. A related inequality holds under a form of
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serial dependence (f-mixing), see Banna, Merlevede and Youssef (2016). Using the union bound
and the fact that ||Allr < (/g||Al|, (B1) implies that max; H%ZLl Zit||F = op(1), provided that
qg“;1 In(Ngq)/T — 0.

Part (iv) is an injectivity condition that generalizes the one in the unconditional case. As an
example, consider the probit model of Example 2: Yy = 1{X/,00 + a0 + Uy > 0}, where Uj; are
iid. standard normal, independent of all X;’s. Taking h(Yi, Xi) = Yy, we have g(Xy, o) =
®(X/,00 + cvip). Provided that ;o and X;; are such that g is bounded between ¢ > 0 and 1 — ¢, and

denoting c¢g = [wx(z)dz >0 and ¢; = ¢ * [ 2wy (x)dz, the following function satisfies part (iv):

P(g(,a)) = cal / dYg(x, a))wx (x)dz — ¢, 6.

We now state our main result on the convergence rate of the conditional kmeans estimator, where:

N

By (K) levio — ai(ks)||?

= min —
(@k1,emky) N

denotes the approximation error associated with ayg alone.



Theorem B1. Suppose that oy is time-invariant, of fized dimension. Let parts (i) to (iii) in As-
sumption B1 hold. Then, as N, T, K,q tend to infinity:

Ly "B, (k ? —2a
N ; / HPq(I) ﬂq(ki) — g(x, ozio)H wx (z)dz = Op(q/T) + Op(q~ %) + Op(Bu(K)).

If in addition part (iv) in Assumption Bl holds, then:

LS o (03 -

Note that the second part in Theorem B1 implies (19) in the main text. As a special case,

‘2 = Op(q/T) + Op(q_Qa) + Op(Ba(K))'

Theorem B1 implies that, when g(z, ) = Py(z)'8,(a) (i.e., there is no remainder term), then the rate

Op(1/T) + Op(Ba(K)). As an example, this rate is achieved when Xj; has finite support and we
use indicator functions as F,. More generally, when ¢ is nonparametric and covariates are continuous,
a larger number of covariates increases ¢ 2%, thus requiring choosing a larger ¢ and incurring a larger
q/T. Nevertheless, even in this nonparametric case, the resulting rate may improve relative to the one
of our baseline two-step estimation.

To give a concrete example, assume that there are two covariates and g has four continuous
derivatives, so a = 2. Suppose also that o o is scalar and p;y has dimension two, and that (oo, 1))
has an absolutely continuous density, so the underlying dimension of heterogeneity is d = 3. Taking q
T'/% we obtain a rate of O,(T~%°) + O,(K~?) in the conditional case. In contrast, the corresponding
rate in the unconditional case is O (T ™) +O,(K~2/3). When N and T grow at the same rate, the best
rates achievable are O,(T~%°) and O,(T~%/3), respectively (since K < N). In addition, the required
numbers of groups to achieve these rates are K T%/% and T, respectively. This shows that the
conditional method achieves a better rate, and that the number of groups needed to achieve that rate
is smaller. As in other applications of series methods, smoothness assumptions are critical to ensure
good performance. Under sufficient smoothness, the theoretical difference between the two methods

increases as the dimension of X;; increases.

Proof of Theorem B1l. Let:

(B, {k; })—argmanZHg s o) — Py(Xut)'b(k:)|| -

(O{ki}) =1 =1
Let also:

(@, {k; })—a(wg{mmZH%o—a (ko).



By Assumption Bl (ii), we have, for a and j,(-) defined in that assumption:

o33 ot - s
1 N T )

Sﬁ;;Hg it o) (Xit)' By (k)|
1 N T

sﬁ;;nm it i0) = 9(Xit, a(kD)|* + Op(g7>*)

= 0y(Ba(K)) + Opa™>"). (B2)

Moreover, since:

N T
1 o~ 2 1 2
ZZHh i Xi) = PolXaa) By(Ro) | < 5 D237 [0 Xie) = Po(Xa) B, 1)
i=1 t=1 i=1 t=1
we have, using that h(Yi, Xi) = 9(Xut, i) + €t
| NI s
WZZHQ 1t7azo P(Xlt)/ﬁq(kl)
i=1 t=1
1 N T 9
< o7 20D ||t o) = Py(Xa) B, (k)
i=1 t=1
g N T L
+ o7 2o e (Pala) By(k) — Pu(Xa) B, (k) (B3)
i=1 t=1

Hence, using parts (ii) and (iii) in Assumption B1, equation (B2), and the Cauchy Schwarz and
triangle inequalities, we obtain:

~ o~ 2
NT lz_; tz; HP zt azO) Pq(th) /Bq(kz)
1 Xl & NN N
< 0p(1) N Z T Z Py(Xit) i <N Z Hﬂq(kz) — ﬁq(kz) )
i=1 t=1 =1

+O0p(q") + Op(Ba(K))

N 3
<O <\f)< ZHB (ki) 5q(ai0)H2+;;HBq(ki)—Bq(aio)’r)

+O0p(q™>") + Op(Ba(K)).



It thus follows from part (i) in Assumption Bl that:

3 [ - |
i=1

<0, (y2) (2 Sl - sy + 23 b~ o)

+0p(q7%") + Op(Ba(K)),
hence that:

<0 (3 X0 - ) 00 (3) + 007 - 0ty

where the last identity comes from the fact that, by (B2) and parts (i) and (ii) in Assumption B1:

zlvi_vj |8,k ~ B,(00)||” = Op(a) + Oy (BatE).

Hence, using parts (i) and (ii) in Assumption B1 we have:

- D 2
< NZ/ HPq(x)/ﬁq(ki) - Pq(m)’ﬁq(aio)“ wx(@)dz + Op(q~2%)
i=1

1SNy o 2
< 015 o |[Butk) = Byleuo)]|+ Opla™)
= 0y (£) + 0pla™) + Op(Ba(K)).

Lastly, we prove the second part in Theorem B1. We have, using the first part and part (iv) in
Assumption B1:

2

1 & P
P |0 (Py()By(R)) = aio




B.2 Choice of K

In the conditional case, we define:

where qu = argmin, Zle A (Yit, Xit) — Py(Xit)'b||%. We let:

K= min {K L Qx(K) < 7‘7)(}, (B4)

~ ~ 2
where V= g7 SV S0 || Pa(Xia) By — PalXie) By o)+ 0p(a/T).

For example, when ¢;; are independent over time and homoskedastic, one can take:

N T
q o~
NT? SO Ih(Yir, Xir) = Py(Xir) Bl

i=1 t=1

Py =
Corollary B1. Let Assumption B1 hold. Suppose that (1 + 7)17)( =0,(q/T). Take K > K. Then:

= 0p(¢/T) + Op(a™).

Note that, to implement the formula for K , we need to compute qu. An alternative approach,
which we use in the simulations, is to replace qu by a conditional kmeans estimate B(E) obtained
using a large number of groups Kpax. In all the models that we consider in the simulation section

(Section G), we use this approach with K. = 30.

Proof of Corollary B1. Using (B4) and the triangle inequality, we have:

2

N
% Z Z HPq(Xit)/ﬁq(Oéio) - Pq(Xit)'Bq@)

L v e
< w7 2o 2 | Py By (o) = Py(Xir) By
577 20 3 [Pk B P B
i=1 t=
=0, (Vx) +0p(q/T) + Op (VVX) =Op (;) '

The result then follows from the same arguments as in the proof of Theorem B1.



B.3 Time-varying heterogeneity

The conditional kmeans first step can be adapted to models where o+ varies over time. Let us consider
two cases. A first situation is when a0 = a(§;q, )\EO)), where )\go) is a vector of observed time-varying
factors. In our theory we require time-stationarity, so )\Eo) needs to be a stationary factor. In this case
the baseline conditional kmeans method is unchanged, subject to including )\EO) in the set of covariates
Xit. Moreover, Theorem B1 holds exactly as in the time-invariant case.

A more general situation is when a0 = (&0, Mo), where Ay is a vector of unobserved factors.
Here we focus on the case where the factors may depend unrestrictedly on time (i.e., we take p = T),
although it would be easy to modify the setup to allow for heterogeneity varying only between sub-

periods but not within, as in Theorem 1. We modify the first step algorithm in the following way.

Algorithm 3. (conditional kmeans, time-varying heterogeneity)

o Given initial values for by(1,1),...,bq(K,T), iterate between the following two steps until con-

vergence:

o Given by(1,1),...,b4(K,T), compute k; = argming_; g Zzzl 1h(Yi, Xit) — Pq(Xit)/bq(k‘,t)”2
for all 7.

o Gwen ki,....ky, compute by(k,t) = argmin, Zfil 1{k; = k}||h(Yi, Xir) — Pq(Xit)’bH2 for all
k,t.

Adapting the theory requires additional assumptions and different arguments. We start with a

definition.

Definition 1. (sub-Gaussianity) A random vector Z is sub-Gaussian if there exists a scalar constant

A > 0 such that E[exp(7'Z)] < exp(\||7||2) for all 7 € RI™Z,
We make the following assumption, where g(z, a) = Ex,,=z , ay0=a[(Yit, Xit)].
Assumption B2.

(i) Let ey = h(Yi, Xit)—9(Xit, ciro). The NT'qx1 random vector (Py(Xit)€it)i=1,...Nt=1,..T Satisfies
Definition 1.

(ii) There exists a Lipschitz-continuous mapping v : G — A such that ¥(g(-, ai0)) = airo-

Part (i) in Assumption B2 requires Py(Xj)ei to be sub-Gaussian (e.g., Vershynin, 2010). This
is stronger than the corresponding requirements in Theorem 1. For example, i.i.d. Gaussian random

variables and i.i.d. bounded random variables are sub-Gaussian. More generally, this assumption



allows for dependence across observations. As an example, a random vector W ~ AN(0,) is sub-
Gaussian when the maximal eigenvalue of ¥ is bounded from above by 2A. This allows for weak
dependence, across both individual units and time periods.

We have the following result.

Corollary B2. Let Assumption 1 hold, for time-varying oo and o« Lipschitz-continuous in its first
argument. Let parts (i) and (ii) in Assumption B1 hold, and let part (i) in Assumption B2 hold. Then,
as N, T, K, q tend to infinity:

1 I o 2
NTZ;/ HPQ(x) Bq(kiat) g(-’L‘,Oéito)H wx (z)dx
= O0p((In K)/T) + Op(q—**) + Op(¢K/N) + Op(Ba(K)).

If in addition part (ii) in Assumption B2 holds, then:

sziuw (B, F) - o

N
i=1 t=1
Op((In K)/T) + Op(q~?*) + Op(qK/N) + Op(Ba(K)).

From Corollary B2 we obtain a convergence rate for conditional kmeans that depends on the
underlying dimension d,, of a;;(, instead of the dimension d that appears in Theorem 1. Also, note that,
in the time-invariant case, under the assumptions of Corollary B2 one can show that the conditional
kmeans estimator satisfies the following convergence rate: O,(min(q,In K)/T) + O,(¢K/(NT)) +
Op(q72%) + Op(Ba(K)), which is as least as fast as the rate in Theorem B1.

Proof of Corollary B2. Let:

(8, 1k }—argmmZZHg it itn) — Py(Xit)bki, )]

(O{k:}) =1 =1
and let:

(a, {k}}) = argmin ZZ llaio — a(ki, )2

(@{ki}) =1 =1

We have, as in the proof of Theorem B1:
N T
1 2 —9g
7 0 9K o) = PalXa) B (i | = Op(BaKO) + Opla™2). (B5)

NT 4
i=1 t=1



Moreover, we have:

~

’g(Xm Qit0) — Pq(Xit)/Bq(k“ t)HQ

3l-
N
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2
- Pq(Xit)’gq(k“t)H
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=
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S

N T
+ NT Z Z (Pq(Xit)Sit)/ (/Bq(j{i\z, t) — ﬁq(kw t)) . (BG)
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The main difference with the proof of Theorem B1 is how to bound the cross-product term in
(B6). To do so, we apply a version the Hanson-Wright tail inequality for quadratic forms, due to Hsu,
Kakade and Zhang (2012, Theorem 2.1), which allows for dependent data.

Lemma B1. (Hsu, Kadade and Zhang, 2012) Let Z be a random vector such that, for some A > 0,
E[exp(7'Z)] < exp(\ ||7||?) for all 7 € RE™Z. Let Q be a positive semi-definite matriz. Then, for all
5> 0:

Pr [Z’QZ > 20 Q + AM/5tr Q2 + sd) ||Q||] < exp(—s).
Let Vi = Py(Xit)eir. We will bound:
1 N T N 1 N T
N7 2 2 (Pa(Xa)zie) (Bykt) = B,(kin0) = 575 22 D Velkiu k) (Bykit) = B,(kint))
i=1 t=1 i=1 t=1

where V;(k, k") denotes the t-specific linear projection of Vj; on group indicators 1{/151 = k} and
1{k; = K'}. For this, we will use the Cauchy Schwarz inequality and bound:

LN
w7 2 2 |[VilEe k)

i=1 t=1

Let, for given partitions {k;1 }, {kia}: 7 ZZ 1 Et L [Vieki, ki) H = NT , where we have defined
v=(V{4, ...,VNT) Q is an NTq x NTq projection matrix with tr Q < 2KTq, Q* = @, and ||Q]| = 1.
By Lemma B1 and part (i) in Assumption B2 we have, for all s:

Pr [U’QU > ANKTq + 4M\\/2KTqs + 4)\8} < exp(—s),
so, using that 2v/ab < a + b:
Pr [v'Qu > 8AKTq + 6As| < exp(—s),

hence, for all b > 0:

V' Qu BNT 4KTq



Lastly, by the union bound, given that the number of partitions {k;;} N {k;} is bounded by K?2V:

N T N T
1 .
Pr|— Vil k)2 >b] < K2V max Pr Vikit, ki2)||> > b
NT;;” t(ki, k)| ] = ({kir} ki) NT;;Ht i1, kiz)|
AKTq bNT
< 2N In K - —
< exp[ nK + 3 3\ ]

This implies that:
N
7 2> IVilki B)IIP = Op(In K)/T) + Op(aK/N).

The rest of the proof is as in Theorem B1.

C Model-based iteration and one-step GFE estimator

In this section we provide details on model-based iterated GFE, and we outline a continuously updated

counterpart, the “one-step” GFE estimator.

C.1 Model-based iteration

We are going to derive a bound on the within-group mean squared error of «;g, similarly to Corollary
1, for the case of iterated GFE.

Let (57 &) denote the two-step GFE estimator, with partition {%z}, and let {El(z)} denote the
partition after one iteration. We use the same notation as in the proof of Theorem 1. In particular,
we define 0 in the same way. We have:

P N p
ZZ@] ( (s, 0), 9) S5 (af@@)ﬁ),@) .
i=1 j=1 i=1 j=1

Hence, expanding, we obtain:

%ZZ (@7 . 8) a9 (k. 9)) o5 (a17.0) (a7 (K, 8) a9 (k:,9))

i=1 j=1

iiv (@ (ki 0),0) (&7 (,0) - & (k:,0))

i=1 j=1

IN

where a;; is between &’ (El,g) and &’ (a@)ﬁ).
Let us first assume that p does not grow with the sample size. Using similar arguments as in the

proof of Theorem 1 we then have:

12 1 M2
ZZHAJ &?,0) - J(k:i,e)H -0, N—pZZ‘

11]1

o (@E0.0)]

10



Using Theorem 1, we then have:

@) 5 2 1 N2
ZE:H ED) @D =0 | 5D
i=1 j=1

Vi (OZ{O, 90) H2 + Op(9).

11]1

Moreover, since p does not grow with the sample size:

1 L& ; 2 1
sz i (oo 00) [ = 00 (7).

SO:

Using again Theorem 1, we obtain:

LS R0 - | - 0,00

=1 j=1
It follows that:

2
= 0,(6). (C1)

ZZH—] k() — ol

11]1

Let us now turn to the case where p grows with the sample size. In that case, one can bound:

2
]\}pizv” ( i (ks 9), 9) (aﬂ'@?),@) —~ aj(%iﬁ))

i=1 j=1
<5 ii’v (do-00) (&7 (R, 8) — @ (k. ) 2+O (5)1iZHaj(k(2) )~ 0)||
- i=1 j=1 AN ! " Np i=1 j=1 , !
_ 1 7 (.22 (@ (R2.0) - @ (1.)) 2+o (5)1§:§p2HaJ‘(E@> 0 — & (i 5)“2
11]1] 7 ’ ! pz’:lj:l v ’
_1 S (2 2@ |2 1 & @) A~
< XS | (B R [ - 0,0)| 5 S5 [w@8) - Ea)*
L i=1j=1 i=1 j=1

where 7;(k, k') denotes the j-specific linear projection of v;; (a{o, 90) on group indicators l{a =k}
and 1{@52) =K},
Moreover, under a sub-Gaussianity assumption, and using a union bound argument together with

Lemma B1, we will obtain the following bound:

52 (5 -0 (55) <0 (35)

Combining results, and using Theorem 1, we obtain a bound that, similarly to (C1), depends on
K~2/4 where d is the underlying dimension of (e, ph). Hence we obtain a convergence rate, but no

improvement, for iterated GFE relative to the baseline two-step approach.

11



C.2 One-step GFE estimator

A continuously updated counterpart to the iterated estimator is the one-step GFE estimator, which

is defined as follows:

N
(/élstep’ alstep’ {Eilstep}) = argmax Z In fi (a (kz) ,9) , (CQ)
(9,0[,{](32'}) i=1

where the maximum is taken with respect to all possible parameter values (6, «) and all possible
partitions {k;} of {1,..., N} into at most K groups. This corresponds to the classification maximum
likelihood estimator of Bryant and Williamson (1978); see also Hahn and Moon (2010) and Bonhomme
and Manresa (2015). Unlike in two-step GFE, (C2) requires optimizing the likelihood function with
respect to every partition and parameter value. This poses two difficulties. First, the estimator may
be substantially more computationally intensive than two-step methods. Second, this complicates
the statistical analysis since the discrete classification depends on parameter values and the objective
function of the one-step estimator is therefore not smooth. In the case of the kmeans estimator, Pollard
(1981, 1982) derived asymptotic properties for fixed K and T, as N tends to infinity. Deriving the
properties of one-step estimators in (C2) as N, T, K tend jointly to infinity is an interesting avenue

for future work.

D Two-way grouped fixed-effects

In this section of the appendix we consider two-way GFE estimators, and we derive an expansion in
the spirit of Theorem 1.

We have the following lemma, the proof of which is analogous to that of Lemma 1, and omitted
for brevity. Here we consider the general case where the precision of h; is S, and the precision of w;

is J, while in the main text we focus on the case where S =T and J = N.

Lemma D1. Suppose that there exist random vectors h; and wy, with fixed dimensions, and Lipschitz-
continuous functions ¢ and ¢, such that h; = @(&) + op(1), %Zf\;l |hi — o(&)||? = O, (1/5),
wy = ¢(Mo) + 0p(1), and %23:1 lwe — p(Mio)||? = O, (1/J) as N, T,S,J tend to infinity. Then we
have, as N, S, K tend to infinity:

]bi HE(E) - 90(51-0)H2 =0, (;) + 0, (Be(K))

where By(p) is defined analogously as Be(K).
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Assumption D1. (regularity, two-way)

(i)

(i)

(iii)

(i)

(v)

(}/vllt’X;t’gi()’ ;’0)/, 7/ = 17 ..,N, t = 1’ ...,T, are Z’.i.d.
Lit(it, ) is three times differentiable in both its arqguments, for all i,t.

The parameter space © for 0y is compact, the spaces for €,y and Mo are compact, and 0y belongs
to the interior of ©.

N,T,S,J, K,p tend jointly to infinity.

SUpg » a0 [Be,g=¢ \0=2lit(a,0))| = O(1), and similarly for the first three derivatives of Ly in both
1ts arguments.

520, .
The minimum (respectively, mazimum) eigenvalue of (—%) is bounded away from zero

(resp., infinity) with probability one, uniformly in i,t, o, 6.
The third derivatives of £y, 8) are Op(1), uniformly in i,t, «,0.
ﬁzy:l Z;l[&t(aito,ﬁo) — Ee,on0 (Cit(iro, 00))])? = Op(1), and similarly for the first three

derivatives of i in both its arguments.

For all 0, &, and A, let @(0,&, \) = argmax,, B¢, —¢ ro=(lit(c, 0)).

o)
infe \ g Ee, =, AtO:A(_W) is positive definite.

E [li(@(6, &0, o), 0)] has a uniqgue mazimum at 6y on ©, and its second derivative —H is neg-

ative definite.

04, 0o)
¢z Bt o=t nomi (vee Ty | = 0(1).

S o lag

0 6& 0
SUD 5 o |52 |y Besomt oma (vee Zgsiefo) || = O(1).

0“l; 0

Sup 5 o [127] ez Eeme romr (vee ZHee0l) | = O(1).
8& 0,

SUD, 5o 11337 x5 Eesg=e o= (Vec d;%;ﬂ’)n =0(1).

. P
SUPZ N6 Haié’ e=¢ Eﬁz‘o:&)\mi/\

0l (a(0,6,1),0
A Begpme o= (89S | = 0(1).

Ol (a(0,E,1),0
( ((8;)\) ))

sup, 59 Il5x

o)

Ol (@(0,€,1),0)
and B, =p¢ 0=¢w,=wro=2(veC 757

OOT) are twice

Ehi=hg0=¢wi=w,00=
differentiable with respect to h and w, with first and second derivatives that are uniformly bounded

inheH,weW, & N andd € O, where H and W denote the supports of h; and wy, respectively.

wmwwﬁwgmmx%@%ﬁ%ncm»me@mmmama
Ol a(9§/\ )” —

I Vars, —n.¢,=¢ wi=w A= (VeC % O(1), uniformly in h, w, £, A

13



Let us denote:

20 (o 20 (o L 90 (a
~ aelt(alt(heo) +E510 Ato (8 elt(azt0,90)> |:E€IO )\10 (_6 glt(alt0790)>:| aezt(azw,eo) (D]_)

Sit = a0 900 dada’ da
and:
~ 0yt (i, o)

9*Lir(ito, 00) Lo, 60) \ | Lo, o)
~ B ( 2000/ ) Beio o (‘aaao/ Eeoro \ ™ pa0p ) |7 (P
Theorem D1.  Let the conditions in Lemma D1 hold. Suppose that Be(K) = OP(K_%) and By(p) =
_2
Op(p ). Suppose that o and p are Lipschitz-continuous in both arguments. Suppose that there exist
two Lipschitz-continuous functions ¥ and ¥ such that §;g = ¥(e(&)) and Mo = ¥(d(Aw)). Lastly,
let Assumption D1 hold. Then, as N,T,S,J, K,p tend to infinity such that Kp/(NT) tends to zero,

we have:

0 = oo+ H ' ZZSWO < )+O <;)+O (]IV{?)

i=1 t=1
2 _2 1
10, (K78) +0, (p7™) +0 () D3
P ) P (p P\ VNT (D3)
Proof of Theorem D1
In the proof we closely follow the steps of the proof of Theorem 1. Let, for all § € ©, k € {1,..., K},
and [ € {1,...,p}:

T
a(k,1,0) = argmax, Z Z =k} {1, = 1}y (o, 0) (D4)

_2
and define @(6, £, \) according to Assumption D1 (iii). Let also § = S + = + Np + K +p .
A key step in the proof is to establish the following main intermedlate results:

N T

1 00 (a(Es, T, 60)
NT Z z; i 8; - = NT Z Z 89 9 » &0 )\tO) 0) + Op (5) ) (D5)
i—1 t— i—1 t—1
| DT L
— Z Z Ci (Q(Kiy 1, 0),0) — Lig (@(0, 850, Ao), 0) ) = 0p(1). (D6)
LSS (e |

Consistency of 0. The consistency proof follows Theorem 1 closely. First, we show that @ (6, &, \)
is Lipschitz-continuous, with coefficients that are uniformly bounded with respect to 6, £ and .
Next, we define a(k,1,0) = 6(9,1/1(5 (k),@(w (1)), and we use Lemma D1 to show that:

sup NTZZ_:H a(ki, 1y, ) a(e,gio,Ato)szop(a). (D7)
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Next, we use that, for all 9:
N T o N T
SNt (alk 11,0),0) < 303t (ki 1,6),0) (D8)
i=1 t=1 i=1 t=1
and we expand both sides of this inequality as in the proof of Theorem 1 to obtain, for all § € O:

1 K[l ’
7 30 [E7.0) - 00,0 |

i=1 t=1

1NT7 ) 1 NI
(MZZwmuQ<M;;%mh “%H>

i=1 t=1

<0

where T(k, [, 0) denotes the mean of vy (@(0,;, Mo), 0) in the intersection of groups ki=kandl, =l
As in the proof of Theorem 1, the key step is to show:

1 N T N 9
S Lol -0, o

i=1 t=1

Let, for all 6, h,w,&, \:

p(h‘7 65 w, >\a 6) = Ehi:h,fi():f,wt:w,/\m:)\ (’Uit(a(97 57 )\)7 9))7

and let, for all 7,1, 6:
Clt(9> = U’it(a(ea inv >\t0>7 0) - p(h’w 5i07 Wt, )\th 9)
Expanding p(h;, &g, we, Mo, @) around h; = ¢(&;q) and w; = ¢(M\yg), we have:

Ip(p(€in), Eios @(Meo)s Avo, 0)

(h27 §io» We, A0, ) ( (510) &io» ¢(>‘t0)’ A0, 9) + BT (hl - @(51’0))
. ; o), Ao, 0 1 1
p(@(sz):&zg;jf( 10); Ao, )(wt _ QS()\tO)) + Op <S> + Op (J) )

Hence, taking expectations:

0 :]Eg'i,Oa/\tO (U’it<a(07 é-i()a )\t()): 9)))
:]E§7;07>\t0 [p(hi, Eig> Wi, Ao, 0)]
Ip(9(i0), &ins D(A0)5 Ato, 0)

=p(¢(&0): &io> @(A0)s Ao, 0) + oh Eﬁio,/\to(hi — (&)
8 10/ S0 >\ 7)\ 79 1 1
n p(e(&in) fgw?( t0), Ao )]Egimm (wy — d(Mo)) + O, <S> +0, (J> .

It follows that:
1 L& 1 1
ZZ 2
NT pa |p hﬂgzvata )‘t07 )H - Op (S) + OP <J> .
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We thus only need to bound:

)

_ Ly Fivl i ki = Bl = BB g0 00 (G (0)'Ca(0))
S0y X Mki = kil =1}

where we have used that observations are independent across ¢ and ¢. To bound this quantity, we use

part (v) in Assumption D1. We thus obtain (D9).

The rest of the consistency part is as in the proof of Theorem 1.

Proof of (D5). To show (D5), we are now going to show that:

Z Z {0l (8, 0) = i) + Ee o (v5) Fegno 0] " vie} = 05 (9), (D10)

where we omit references to 6y and .

We will bound, in turn:

~ o~

A = N ZZ €50 M0 ( zt) [Eeo a0 (v5)] " 05 (a(kmlt) *OéitoJr(va)_lvit)’

N

B = ;g ( Eéw,m ( zt) []Eﬁlo,/\to ( zt)]_l) Vi (&(Eij;) - Oéito) .

To bound A, the key term is:

s—fZZ Eey o (04) [Beno (03] (—08) ((—08) o — 58, )

where v is defined analogously as in the proof of Theorem 1.
-1
Let Z(ﬁ,/\) Efzo =&, 0=\ ( ) [Efzo =&, o= )\( )] . We have:

Az = Nliz < szvAtO) —z" (klvlt) ) Vit + = NT ZZ ( @z‘ft)/ - Z(E‘,Tt)/) Vit

t=1 i=1 t=1

where Z (k,1) and z* (k,[) are defined analogously as in the proof of Theorem 1.
To see that the first term in Az is Opy(J), we use an argument similar to the one we used in the

proof of Theorem 1. Let: (;; = vit — Ep, ¢, w00 (Vit). We have, as in the proof of Theorem 1:

1 Sl 2 1 1
NT Z Z HEhmfio,wz,Ato(vit)” = Op <S> + Op (J) . (Dll)

i=1 t=1

Moreover, we have:

1 N T o
NT 22 HZ Siov o) — = (R )| = 0,(0), (D12)

i=1 t=1
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Since (; are independent across ¢ and ¢, with zero mean conditional on hq,...,hN, g1,...,97,

&10s - Eno, and Ao, ..., A7o, we thus have:

N 2

%ZZ <Z Eios Mo) — 27 ( 27lt>/> Vit

i=1 t=1
2‘|

N
N T /
( (é) (i))E %ZZ #(&i0, o) — 2" @z,lAt)
2
( sz’AtO — 2" <EmlAt>/> Cit

i=1 t=1

+2E

[(Z(ﬁi()a o) — 2 (751'322)/) Eh, .0 men0 [CitCiel (Z(fi()a o) — 2 (%z’jt)/ﬂ

=0 (g) +0 (?‘j) +0 <]\fT> 0(6%).

The second term in As is also Op(9), using similar arguments as in the proof of Theorem 1 and
6).

)
equation (D9). This shows that A = O,(
Let us now turn to B. Let n}, = Uft( 5 b Ee, 20 (v ( lt) [Eélo Mo (V fi)]

Theorem 1, the key step is to bound:

By= — sztvlt ( (i 1t) — aito)

zltl

“!1 As in the proof of

(khlt)

NT ZZW”U” ( kl,lt) a,-t0> NT ZZW”vlt ( kl,lt) K, 1y ) ,

i=1 t=1 i=1 t=1

where a(k,l) and a*(k,1) are defined analogously as in the proof of Theorem 1
The first term is Op (), since the 74 = 7,05 are independent across 7 and ¢ with zero mean given

&i0» Ato. The second term is:

N T T
- s (@F 1) - o (Fih)) = 7ol (@0 ) — o (i)
NT

NT 4 -
i=1 t=1 i=1 t=1

As in the proof of Theorem 1, 1= ZZ]\;l ZtT:1 17 (ks 1) = O,(8). Moreover, we have:

N T
1 —~ -~ -~ * o~ o~
7 2 D Ntk 1) — o (i, 1)[[* = Op(9).
i=1 t=1
This shows that Bs = Op(9), hence that B = O,(d). This implies that (D5) holds.
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Proof of (D6). The proof of (D6) follows the same steps as the corresponding part in the proof
of Theorem 1. The key step is to show that:

Z

. 2
oo kz, I, bo) 9 (0o, ip: Aro)

80! 801 = Op (]‘) . (D13)

The proof of (D13) follows similar arguments as in the proof of Theorem 1.

E Further results for fixed p

In this section we derive two additional properties of GFE estimators, in the case where p is fixed;
that is, when heterogeneity is time-invariant and its dimension does not grow with the sample size.
Without loss of generality we set p = 1. For simplicity, in this section we assume that S =T, and we

remove p and j from the notation. Finally, we denote 1,y = (o, 115,)" the full vector of heterogeneity.

E.1 Expansion of two-step GFE

We start with a result that shows that the expansion in Theorem 1 continues to hold under suitable

conditions, when the concavity in a of Assumption 3 part (iia) fails to hold.
Corollary E1. Let the conditions in Theorem 1 hold, with &;; = n,y, except that Assumption 3 part
(iia) is replaced by the following:

(i) For all € >0, infg (o pwy Infy 55, oy1se By, g=nlli(c, 0) — £i(a,0)] > 0

(i) The function E(G) = éi(@@,’, 0),0) is three times differentiable on a neighborhood of 6y (that is,

the function is three times differentiable for almost all sample realizations), where a(k, ) for all

k is the solution of (3) given any 6 € ©. Moreover, % SV ||88£a$99/) I? =

O,(1) uniformly in a

neighborhood of 0y, and similarly for the third derivative of &.

Then, for p fized as N, T, K tend to infinity, we have:

~ L1 1 1
6 = 0o+ H lﬁgsﬁo ( >+O ( )+op(m>, (E1)
and:
1oL~ 2 1 2
NZHa(kl)—am -0, (T>+0p(K d). (E2)
i=1

Condition (i) in Corollary E1 is an identification condition. Condition (ii) is a differentiability
condition on the sample GFE objective function. Such an assumption is not needed in order to
characterize the first-order properties of fixed-effects estimators, since, under suitable conditions, fixed-

effects estimators of individual effects are uniformly consistent in the sense that max;—i . n |[; —
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a0 = op(1); see, e.g., Hahn and Kuersteiner (2011). In contrast, our characterization of GFE
estimators is based on establishing a rate of convergence for the average + ZZ]\L 1 H&@,) —ao?. Lastly,

the score s; and Hessian H in Corollary E1 are the same as in Theorem 1.

Proof of Corollary E1. The proof follows closely the proof of Theorem 1. The beginning of
the consistency proof is identical. Here, § = 1/T 4+ K~2/®. One difference is that we introduce the
fixed-effects estimator of «;, for given 6, which is defined as @;(f) = argmax, ¢;(«, ). We have, for
all 0:

Zz( (s, 0), ) ZE( (s, 0), ) Zz ai(0),9). (E3)

Moreover, expanding the fixed-effects log-likelihood around &;(0) = @(0, n;), we have (as in Arel-
lano and Hahn, 2007, for example):

uniformly in 6.

Now, for some a;(6) between @; (6) and a(/l;i, ), we have:

~

fZe( (ks 0), ) Ze & ( 2}%(a@-,e)—ai(e))'vf(ai(a),e) (a(ki,e)—ai(a)).

We then obtain, using similar arguments as in the proof of Theorem 1, that the following equality

holds pointwise in 6:

= 0,(6). (E4)

Jbi ( (s, 0), ) ZE a; (0),0

In turn, from the uniform convergence of the fixed-effects log-likelihood:

N N
1 N 1 _
sup NZ& (ai(O),H)—NZ&(ai (0),0)| = op(1),
i=1 i=1
we obtain, using similar arguments as above:
1 N 1 N ~ 1 N
sup 14 kz,t? - — 4 (a; (0),0) < sup b (a(k;,0),0) — — 4 (a; (0),0
%@Z( )N;u))ge@NZl(())N;(())
1 N
< — ; =
|y 2 (a(i,0),0) - Zj )| + 0p(1) = 0p(1)

Consistency of 0 then follows, as in the proof of Theorem 1.
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Let us now show equation (A3). From (E4) evaluated at 6y we have, for some a; between a(a, o)

and @; (6p), and omitting from now on the reference to g for conciseness:

Zz (@) i&(a@m = ox i (80h) = ) (=t (ai)) (a(R) — &) = 0. ()

i—l =
Now, by the assumptions of Theorem 1 part (a), there exists a constant ¢ > 0 and a positive
definite matrix X such that:
inf inf K, —,(—vi(a)) > 2.
n=(a/ 1) lla—all<e
For this € we will first show that:
X
N {||a —aill > e} = 0,(6). (E6)
Showing (E6) will allow us to control the difference a(Ei) — ayp In an average sense.
To see that (E6) holds, let ¢, = 1 {||a(7<\1) — ol < e}, and note that by (E5) we have, since
0; (@) > £;(a(k;)) for all i:

N
0= %Z(l — i) (@‘ (@) — &(&(Ei))) = 0,(5).

i=1
Now, by part (i) in the assumptions of the corollary, and using that max;—i . n ||@; — ol = 0p(1)

and Assumption 3 part (iia), we have:

inf él (al) — EZ(OQ) Z inf inf ]Enio:"? [él (Oé) — EZ(&)] + Op(l) Z C + Op(l),

i=1,...,N |Ja; — ol >€ n=(a/ 1) ||a—al|>e
where ¢ > 0 is a constant. Hence + Zf\il(l —1;)(C+0p(1)) = Op(9), from which (E6) follows.

Next, by Assumption 3 part (iia), sup,—(as .y SuPgs Hv?(a) —Epo=n (v?(&))” = 0y (1). We thus
have:

in - inf (v (i) 2 4 0p(1). B7
i=1,...N Haraio\lge( (i) p( ) (E7)

a(ki) — a;

fact that the parameter space for «; is compact, we have:

LNy 2 TN e 1 &
N Z Ha(kl) — = N ZLi Oé(k’l) — N Z(l — Li)
i=1 i=1 ]

1= =1
Given (EB), the rest of the proof of (A3) is as in the proof of Theorem 1, with some simplifications

2
Using (E5) this implies that: + ZZ]\LI Li = Op(0). Hence, using in addition (E6) and the

“—0,6.  (E8)

a(k) —a

due to the fact that here p does not grow with the sample size.

However, the proof of (A4) is different from the one in Theorem 1. To proceed, let:
N - 1
k) =19 3" 1k =k} (—op (k) ) = 52t
09 =1 { il = o (- (a80)) > 2
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We are first going to show that:

1 & -
N (1 7z<k,-)) = 0,(5). (E9)

Let € > 0 as in (E6), and define ¢; accordingly. From (EG6) it suffices to show that:

1 & e
N;Li (1 -1 (kl)> = 0,(0).

With probability approaching one we have: min;., -1 (—v?‘ (@(E))) > %;. When this condition is

7

satisfied we have:

(-r(8)) = 11 {i i =2 (-5 (30)) - La = 0})
N N
<y (1 -1 {ilewl{k = ki }6; > - il:1(1 11 = R} (g (aR) ) })
...... ) i(l — 1)1 {ky = E»}}
<1 {i 1y =k} < (1 + gi/irllaxN |-vs (@) H) i(l 1 {Ey = Ei}} |
B i'=1

— \ ov=1.,
i'=1

where o denotes the minimum eigenvalue of ¥. Hence we have, with probably approaching one:

| X N ) - N o
SO {Z ke =Fy < (165 e, o8 (3E)]) S0 -t = m}
1 z}:{l z:i N i 6
:szl{’fi:k}l{gl{ki:kK <1+Mn11ax |-ve (ac )H) 1_% 1{1@,_1@}}
1 k;l i=1 . =1 i
= NZ<”M31WN |- (ack >)H>Z<1%>1{kv—k} Op (NZ ) = 0,(9).
k=1 ST bt

This shows (E9).
We are now going to show (A4). By part (ii) in the assumptions of the corollary, the Cauchy
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Schwarz inequality, and (E9), we have:

2
1 ~ H? ~
~ 1=k i (ki 0),0
> (1-78) g5, & (3R0).0)
1 & ~1 o” -~ ’
=SSOSO Freriit (a(k:.0).0) | = op(1).

Let k such that 7(k) = 1. Differentiating with respect to 6: ZZ]\LI 1{% = k}vi(a(k,0),0) = 0 we

obtain, at 6 = 0:

oatk) (. - o N PSP
= (Z 1w =k} (-0 (a(@)))) Soafke =k} (o8 (aGR)) . (E10)

00 ,
i'=1

i'=1
where we note that, since 7(k) = 1, Zﬁyzl 1{Ei/ =k} (—vff (&(Ey))) is bounded from below by /2.
Let now:

PR o
N 2" 5000

=1

6 (a0:0):6) - 5 2 55

0o

We have, at 6y (omitting again the reference to 0y from the notation):

N 0%4; (&(E)) a(k; 20; (o &%
1 L i i ~ TN (T 80&(/%) 0 ¢ (0120,0()) 960[2
P=x2 {L(kl) aogy— + TR)! (@) S5 AT
E)az- ! N 5@1' ! ac‘)@- 62 - ’
— <89’> (vi) — (ae’) Vi 90~ 9000’ , (@:(0)vi)
0
N 02(; (a(k )) a(k; 20; (o ;
1 e i i ~ TN (AT 8a(k’l) 0 gz (0410,9()) 980&@
NS i) gpag— 1) (O‘(’“» a6’ 9000’ U g+
where we have used that E, (v;) = 0, and that %;’i = [Ey, (—0f )]71 En,, (0] )/' Hence, using (ES)
and (E9):

oa El,a Ja; (0
)U‘ig ( (89/ O) - 82/0)> +0p(1):

SO:

N 7 -
D = S iEE,, () (“?;190) -2 5§?°’> +op(1).
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Next, defining 2(n)’ = E,, =y (v0) [Ey,, =y (—08)] ~!and Z(k) as in the proof of Theorem 1 we have:

2

where we have used (E8) in the third equality, (A33) and the expression of da(k)/0¢’ in the fifth one,
and we have expanded around ;o and used (E8) in the last equality.

Finally, to show (E2), let us define, analogously to the beginning of the proof of (A3):
% = 1{)1a(k;,0) - aioll < e},

where e is such that: infg ,— iy infn(a,@)—(a,emg% Ep,o=n <7vf‘(&,§)) > X¥. Using that 0 is consistent
it is easy to verify that:

Zz( (., 9), )_725 (alé 5) <

/N
S—
|
==
o
/N
)
s
=
N—

1 JRR
~ > i (a(ki,0),0
Ni:l

1 & 1
NZ 1 =7;) = 0y(9), NZT’

hence that:

(E2) then comes from the fact that + ZZ 1 Haz( ) — aiol|? = O, (9).
This ends the proof of Corollary E1.
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E.2 Analytical expression of the asymptotic bias

The next result provides an explicit characterization of the O,(1/T) bias in (9), in cases where K

grows relatively fast relative to 7. We recall that here p is fixed.

Corollary E2.  Suppose that the conditions of Theorem 1 are satisfied. Let a;() = argmax,,, £;(c, ),

and let g;(0) = 82%%&?)’9) (82%(3553)’9))_1. Suppose in addition:

(i) There is an v > 0 such that T Be(K'™) 20 as N,T,K tend to infinity. Moreover, for any
diverging Ky 1 sequence, T B-(Kn ) 20 as N, T tend to infinity.

(i) ; is four times differentiable, and its fourth derivatives satisfy similar uniform boundedness

properties as the first three.

(i1i) v(h) = Ep,=plai(6o)] and A(h) = Epn,=n[gi(60)] are differentiable with respect to h, uniformly
bounded with uniformly bounded first derivatives. Moreover, uniformly in h, Ep,—p[||a;(00) —
Y(hi)lIP] = O(T™1), En=nllli(60) — A(hi)[IP] = O(T™1), En=n[llGi(60) — v(hi)|I°] = o(T ), and
En,=n[l[gi(00) — A(ha)|’] = o(T1).

Then, for p fized as N, T, K tend to infinity such that K/N tends to zero we have:

_ 1 & C 1 1
0 = Gp+H 1= P+ = — — E12
0+ N;s +T+op(T)+op( NT), (E12)

where the expression of the constant C is given by (E24)-(E25) in the proof.

Under the conditions of Corollary E2, the kmeans objective is:

N
¥ Sl =R =0, (7). (B13)
i=1

This happens when K grows sufficiently fast relative to 7. As an example, when §;, scalar and
Be(K) = O,(K~2), the condition requires TK 2 to tend to zero. The condition on B. is satisfied
when ¢; is normal with zero mean and variance X /T for some 3 > 0, for example.

Corollary E2 shows that, when K is sufficiently large so that the approximation error B¢(K) is
small relative to 1/7T, and when in addition K/N tends to zero, the GFE estimator of 6y satisfies an
expansion similar to that of the fixed-effects estimator, with a different first-order bias term; see, e.g.,

Hahn and Newey (2004, p.1302) for an expression of the bias of fixed-effects.

Proof of Corollary E2. We first show (E13). Let {k;} = {ki1} N {ki2} be the intersection of
two partitions of {1,..., N}: a first partition with (the integer part of) K; = K~ groups, and a
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second partition with (the integer part of) Ko = K¥ groups. Since (ﬁ, {EZ}) solves (2), we have, using

Condition (4) in the corollary:

~ ~ 2
hi — h(k;)

2 1 N T~
_ N; [EEEEE)

N

= min H@(ﬁio) — ha(kin) +&i — z2(IW)HQ
1

1
T (huho fki ko) N 4

1=

= 0, (Be(11)) + 0, (B (K2) = 0y (1)

To show that (E12) holds, we will follow a likelihood approach as in Arellano and Hahn (2007,
2016). Consider the difference between the GFE and fixed-effects concentrated likelihoods:

1Y ~ 1Y
AL®) = w5 D i@k, 0),0) — = > Li(@i(0),0).
i=1 i=1

We are going to derive an expansion for the derivative of AL(f) at 8y. From there, we will characterize
the first-order bias of the GFE estimator 0.

Specifically, we are going to show that:

0

206, AL(0)

N
- - 3w 3 0By [ @5(0),0)40) 0 (;,) L (B
where v;(0) = @;(0) — Ey, (a;(0)), and we denote @; (#) = @(0,n;9). In this case also, we can define
&io = Nio-

To show (E14) we are first going to establish several preliminary results. Together with fourth-
order differentiability in Condition (i7) of the corollary, those will allow us to derive the required
expansions. In the following we will evaluate all functions at 0y, and omit 6 for the notation. In
particular, @; will be a shorthand for @;(6y).

First, note that, from the proof of Theorem 1, and using (F13), we have:

S laE) -a =0, (5)- (E15)

Next, let a; = vy(hi) + v4, where y(h) = Ep,—p, (@;). We have:

N -1/ N
a(k) = (Z 1{k; = k}(—U?(ai(k)))> (Z 1{k; = k}(—v?(az'(k‘)))@i> : (E16)

i=1 i=1
for some a;(k) between a; and a(k). Note that, by the conditions of Theorem 1, (—v$*(«)) is uniformly

bounded away from zero with probability approaching one. Let (k) and (k) denote the weighted
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means of v(h;) and v; in group ki = k, respectively, where the weight is (—v$(a;i(k))). Note that
a(k) =75(k) + (k). By (E13), and since v is Lipschitz-continuous, we have:

*Z () =3I =0, (7 ) (1)

Moreover, since by Condition (iii) in the corollary the v/Tv;, which are mean independent of the
Ei/’s and have zero mean, have bounded conditional variance, and denoting as 7(k) the unweighted
mean of v; in group k; = k, we have: + Zfil ||P(7<\z)||2 =0, (£5) = 0p (%), where we have used that
p is fixed and K /N tends to zero. Hence:

= Z 1D(k)|* = (;) . (E18)

Let g; = v?(q;)(—vf (@)™t = A(hi) + 7i, where A(h) = Ep,—, (§;). Similarly to (E18), we have,

using analogous notations for weighted group means:
N
1 1 ~ 1
2 ~ 2
. § ) = 3EIE =0 () 3 IR = (7)- (E19)

Further, denote as 3(k), 7(k), A(k), and 7(k) the weighted means of v(h;), vs, AM(h;), and 7; in

group i = k, respectively, where the weight is (—v{*(@;)). Using similar arguments we obtain:
N
1 1 1
. Z 00 =5 = (7). 5 S I =0 (7). (E20)
N
1 1 1
2 2
. Z G0 =SEIF =0 (7). 5 2 IFEIF =00 (7). (21)

Next, using (E16), (E17), and (E18), in addition to the parameter space for a;y being compact
and v being bounded, we have that: 3 Zf\il H@(E,) —ail? = -+ ZNzl |vill®> + 0p(1/T). Hence, by

Condition (iii) in the corollary:

Z\H

ia% —alP = pG) (E22)
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To see that (E14) holds, first note that, denoting a®? = a ® a:

i=1 i=1
= LS @) () @) + o > vt (a) (alh) — 1)~
i=1 =
=A =As
1 AN, > X ~ ~ ~ ~ ®2
+om ;vf(ai) (z::l 1{ky = k‘i}(—vff(air))> Z:jl ke = kihog® (ao (i) (@Re) —aw)
=As

where a; lies between a; and a(Ei) and so does ai(Ei), v9%(a;) is a matrix of third derivatives with

(dim j0)? columns, and we have defined, for all k:

N -1 N R
a(k) = (Z Wk = k‘}(—v?(ai))> > 1{ki = k}(—v(@:))as, (E23)

i=1 i=1
where we note that (—vf*(@;)) is uniformly bounded away from zero with probability approaching one.

Let us consider the three terms in turn. First, we have:

A=) 5 (or@) (ak) - )
1 v - -
= 5 2 (8- 9k (~op @) (ak) - @)
i=1
- —;ﬁ (M) = 2 + 73 = 7R ) (=02 (@) (v(hi) = ko) + i = (ko))
N
-5 L@+ (1)

where we have used (E16), (E20), and (E21).
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Next, we have, using in addition (E22):

N

Ay = iv ZEn,o ( fa(aio)) (a@.) _ ai) ® . (;>
( 0410 ) (?(El) — 'y(hi> + /I)(Ez) B V¢>®2 o, <;>

i
Fipo

Lastly, defining g(k) the weighted mean of g; in group ki = k with weight (—vf*(@;)), we have:

1 & N R —1
As = IN Z@(—v?(az)) (Z {ky = ki}(—vff(ai/))>

=1 =1
« Z 1k = Rayog® (asR)) (k) )"
LN N o -1
= 5% > Gk (—vf (@) <Z ki = ki}(—vj (@)))
i=1 =1
X i 1{ky = k;}og® (azl(a/)) (a(a/) - az/)®2 + o, ( ;)
/=1
_ % ég@,)v;*a (k) (ath:) - az)®2 +op <T>
- ﬁE (18(0i0)) [En (o ()] ™ By 5 )] 52+, (7 )

Combining results, we get:

N
% 6o AL(Q) = —% ZTZ'EWO(—U?(CVZ'Q))VZ'
1 N 0 a -1 ao 2 1
ﬁ ; [ 10 ( a10)> + E’?io (Ui (ai0)> [Emo(_vi (az(]))] Emo [Ui (alo)]} Vi +0p <T> :

. . oai0
This shows (E14), since O‘aé,o) =7, and:

90" g,

vec By, [0 @(60),0)] = — (B, (+0%(a00)) + By (1£(010)) [Bog (0 (00))] ™ By 108 ()] -

Equation (E14) readily delivers an expression for the first-order bias term of the GFE estimator.
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Indeed, using that (e.g., Arellano and Hahn, 2007):

21 LS 0.0 - LY @0
R R

_ 9
T o0

N
%o % Zvi (@(0), 0)' By [—0f" (@i(0),0)) " vi (@:(6),0) + 0, <;> ;
i=1

it follows that Corollary E2 holds, with:

N

_ . 1 0
C=H""! NI,,%IE; ~ 2 59, T b;(0), (E24)
for:
Bi(6) = —3 (@(6) ~ En, (@(6))) Eg, [0 @:(0), 0] (@4(9) ~ By, (@:(9)))
500 (@ (0),0) By [0 @(6),6)] 01 (@(6),6) (E25)

Bias in a regression example. Consider the following model for a scalar outcome:
Yit = poYit—1 + X Bo + cio + Ui, (E26)

where < 1. In this case, a;(0) = (1 — Vi—ylﬂ—i—o T3 ). Hence, when classifying individuals
ol , p iB+op ; ying

based on h; = (72-, Y;)/, @;(0) belongs to the span of h;, up to small-order terms. It follows that C/T
is identical to the first-order bias CT® /T of the fixed-effects estimator, and fixed-effects and two-step
GFE are first-order equivalent.

However, this equivalence does not hold generally. As an example, let us suppose the unobservables
(a0, ph)" follow a one-factor structure with 1,5 = Acyo for a vector A, and let us classify individual
units based on h; = Y; only. Injectivity is satisfied in this example, due to the low underlying

dimensionality of 7,y = (o, t}y)’. In this case it can be verified that:

e+ (4225, 6) A |

I=po ~ 1=pg

and, letting V;; = X — Aayo: -
AU; =V, 1
i(0) = re-r e + — | .
w0 =3 T+ (77)
As a result, the first-order bias term on p is the same for GFE and fixed-effects, while for 5, we have,
letting = > E(Vi V) =% > 0:

VQQm—mﬂ( Fo

C = C™ - sT'E (T (M - SRR
1+ BoA)

so C' # CYF in general.
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F  Verification of assumptions in linear models

In this section we verify the assumptions of Theorem 1 in the linear model:

Yie = poYii—1 + X[, 8o + o + Ui,

(F1)
Xit = pi0 + Vi,

where Yj; is a scalar outcome and Xj; is a vector of strictly exogenous covariates. We consider two cases:

time-invariant ao, f;0, and time-varying oo, ;0. Throughout, we use the notation Z; = (Z,, ..., Zl)’

and Zz = % ZZ:I Zit~

F.1 Time-invariant heterogeneity
Assumption F1. (regularity in linear model, time-invariant heterogeneity)

(i) The parameter space © for 6y = (py, By)’s and the space for (cvio, phy), are compact.

Oy belongs to the interior of ©, and |py| < 1.

(i1) Uy ~ N (0, 0(2]), i.i.d. across individuals and over time, independent of X;, aio, pyo and Yip.
Vit ~ N(0,33), i.i.d. across individuals and over time, independent of X;, cvio, pio, Ui, and Y.

Yio is drawn from its stationary distribution conditional on a0 and fu.
(iii) Let Wiy = (Yige—1, X4) E(Wit — By s Wit)) (Wit — Eayo o (Wit))') s positive definite.
(iv) T tends to infinity, and GFE is based on the moment h; = (Yi,YQ)’.

In Assumption F1 we suppose that U;; and V;; are normal homoskedastic. This can be relaxed,
and we could work instead under stationary mixing conditions as in Hahn and Kuersteiner (2011). In
that case the likelihood function would be interpreted as a pseudo-likelihood, and the formula for the
asymptotic distribution should be adapted.

We are now going to verify the assumptions of Theorem 1, part (b). Assumption 1 holds let-
ting & = (aio,ugo)/, which has compact support. Note that in this model with time-invariant
heterogeneity we can abstract from Ay without loss of generality. Next, p(&;y) = (%ﬁ?ﬁov#éo)la
and it is easy to check that ¢ is Lipschitz-continuous. Moreover, by part (ii) in Assumption F1 we
have + SN i = 0(€i0)12 = Op(1/T). Lastly, letting ¢(hy, ha) = (1 — pg)h1 — BhfBo, hy)', we have
(o, )" = ¥ (p(&50)). ¥ is Lipschitz-continuous by part (i) in Assumption F1. We have thus verified
Assumptions 1 and 2, and the conditions of Lemmas 1 and 2.

Let us now verify Assumption 3, with part (iib). In the present case, p = 1 and R = T. We
consider the log-likelihood function:

1 & 2
li0,0) = — o > (Y= Wi —a)”,

t=1
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where we have set 03 = 1 without loss of generality. In addition, we have, for all £ = (a, u')":

- — 1-— 1-—
000,6) = Be e~ Wi0) = {— Lot sl (=L ).

Note that @(fo, &) = o-

It is easy to see that Assumption 3 part (i) is satisfied. Next, by part (i) in Assumption F1 the
%4i(a0)

expected log-likelihood, and the expected log-likelihood derivatives, are bounded. Moreover, =55

—1, and the third derivatives of ¢; are zero. From the assumptions on Uy:

N

2
Z O{Zo,eo) Ego(é (azo,go N Z ( Z Efzo )) = Op(l/T).

For all first three derivatives of ¢;, we obtain similar O, (1/T’) rates by using the conditions on Uj, Vi
and heterogeneity. This verifies Assumption 3 part (iib).
Next, the expected “target” log-likelihood E [¢;(@(0, &), 0)] is quadratic in 0, and its partial deriva-
tives with respect to p and [ are, respectively:
E <<Yi,t—1 - OWMJ) <Yit _ o+ tioBo _ p (Yi,t—l - W) — (X — Mio)I@))) )
L= po L—=po L= pg

and:

aio + o @io + pipl
E((Xit_:uio) (Yit—W—P(Yi,tl—W — (Xit — pio)'B ) ) -
— Po ~—Po

It is easy to verify that those are zero at 6y = (py, 3;)’. Moreover, the second derivative —H is negative

definite by Assumption F1 (iii). Lastly, we have:

ZHW I = 0,(1),

where we have used the assumptions on Uy, Vi, and the heterogeneity. This verifies Assumption 3

020:(@ (0, €0),
"N Z H 9090

part (iii).

Turning to Assumption 3 part (iv), we have:

92ti(a, 6) 9 L K
EEfz‘o:f <8980¢) = EE?,O 3 (W ) == ! Opo ! If’o )

where [ is the identity matrix of size dim p;. Similarly, we have:

82£i(aa 00)
Efzo—f ((%ﬂ) =0,

o€ |

8

and:

_(@6.9-a0.9) = (11__;; 11_‘;;65 - 5’) :



which is bounded by Assumption F1 (i). This verifies Assumption 3 part (iv).

Lastly, turning to Assumption 3 part (v), we have:

oi(@(6,6),6) I
It is easy to verify that, by Assumption F1 (ii), this is a linear function of h — ¢(&) whose coeflicients
are uniformly bounded.

Likewise:

9| 0ti(a(8,¢),9)
Eni=h.g;0=¢ (vecaa 90T

is also linear in h — (), with coefficients that are uniformly bounded.

Moreover: 5
0 (@(6,€),0 —
Vary,—p.¢,,=¢ <((6a£))> = Varp,—p¢,,=¢ (Yi - W;G)

is non-stochastic by Assumption F1 (ii), and it can be shown that is satisfies:

Varhi:h’giozg (?z - W;9> - Op (;) )

uniformly in A, £, and 6.

Finally, we have:

0

aez(a(eaf)a 0) T/
Varhi:hém:g <V€C % —_—

) = Varhi:h7§i0:§ (Wl) :

9% Ja

Now, Varp,—p¢,—¢ (X;) = 0. Moreover:

— 1
Varhi:hfw:f (Y,-,,l) = Op (T) )

uniformly in A and &, where 7¢7_1 = % Zthl Yiio1.
This verifies Assumption 3 part (v).
Applying Theorem 1, we obtain:

N
~ 1 1 -2 1
g1 E ; [ dim X1
b bo Ni:ls Or <T> O”( t ) OP(WT>’

where H =E (Wi - Eg,, (Wi)) (Wi — Be,,(Wa))'), and s = + S0 (Wit — Be,, (W) Ua.

F.2 Time-varying heterogeneity

We will verify the conditions in the time-varying case under the following assumptions, where for
simplicity we focus on a scalar covariate X;;. The two unobservables have a factor structure, with a

single factor in each equation.
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Assumption F2. (regularity in linear model, time-varying heterogeneity)
(i) o = oAy and pg = pigNhy, where aio, g, A, and Ny, are scalar.
(ii) Ay and )\fo are stationary with bounded supports and non-zero means, and are independent of U;
and V;. Moreover, ”T T 1 Ao — E( %)H2 = 0,(1/T), and HT /\fo E()\fo)HQ = 0,(1/T).
(iii) Assumption F'1 holds, with part (iii) replaced by E((mt - Eaio,mo,ko(Wit)) (Wit — ]EaiOy.uioJ\O(VVit))/)

being positive definite.

Assumption 1 holds by part (i) in Assumption F2. In addition, we have:

¢(&p) = plim

T
1 Z @i + pioAoBo + a5 P [aio)‘ta—s,o + Mio)\is,oﬂo}
T—o00 T

t=1 HioAto
where, as in the time-invariant case, we define &;; = (o, 1t;0)’. Hence, by stationarity of the factors:
azOEP\?o]lJrlt BN olBo
) = Po
A < o) ) |

It follows that ¢ is Lipschitz-continuous. Injectivity follows from E[Aj] # 0 and E[N] # 0.
Let v§) = Ay — E[Ag], and v}, = Ny — E[A};]. We have:

1 it + VieBo + Dy P4 WUit—s + Vie—sBo)
olEs0) = Z( 0 50 0

=1 Vit
e’ % +0o s e Y
Z Qo + HioVioBo T 2521 Po {azthfs,o + MiOVt—s,Oﬁ()}

7
HioV4o

'ﬂ \

Using Assumption F'1 and part (ii) in Assumption F2, we verify that - Zl LIRi—p(&0)lI? = O0,(1/T).
Let us now verify Assumption 3, with part (iib). In the present case, p = T and R = 1. We
consider the log-likelihood function:
1 , 2
Eit(a,ﬁ) = ) (Yz’t — Wit — 04) )
where we have again set 03 = 1. We have, for all £ = (o, p)’ and #:

a'(0,¢) = Ee —eag e (Yie — Wi,0)

(o)
= aX+ (Bo — B)uXy + (po — ) Y pi " A 50 + (po 60#2/}8 N o-
s=1 =
Note that at(eo, 62-0) = Oéi())\tao = Qt0-
It is easy to see that Assumption 3 part (i) is satisfied. To check Assumption 3 part (iib), note
that the expected log-likelihood is uniformly bounded by Assumption F1 and part (ii) in Assumption
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2, and similarly for its first three derivatives. As in the time-invariant case, i ga(? 9) — = —1, and the

third derivatives of ¢;; are zero. Moreover:

T N T
1 1 2
NT Z > [lir(cviro, o) — e, x (it (ctiro, 00)))> = =~NT SN (Uz% - an,uio,,\g,,\g(Ui%D = Op(1),

i=1 t=1 i=1 t=1

and all the first three derivatives of ¢;; are similarly O,(1). This verifies Assumption 3 part (iib).

Turning to part (iii), the function:

T
Z zt 7t 9 510 )]

is quadratic in 6, and its partial derivatives with respect to p and [ are, respectively:

“+oo +oo
D ((K,t—l - @io Z pgfl)\?—s,o — Botio Z pSlAé‘_s,o> (Yie — pYie—1 — BXu — a'(, in))) )
s=1

s=1
and:
E ((Xit — pioMg) (Yie — pYiu—1 — BXu —a'(0,&y))) -
These are zero at 0. Moreover, the second derivative —H is negative definite by Assumption F2 (iii).

Lastly, we have:

0%, (a (0, €,0),0) ||

000

1 N T
= 2D IWall2 = 0,(1).

i=1 t=1

L N

W 22

=1 t=1

This verifies Assumption 3 part (iii).

Let us now check Assumption 3 part (iv). We have:

8244%(0[,60) 8
B e

220:1 P(S)_l i—s Bo 220:1 Po_ )‘/tts
0 AL ’

8

]Eﬁlo —ex0=x (Wit)

which is uniformly bounded using Assumption F1 and part (ii) in Assumption F2. The second condi-

tion in Assumption 3 part (iv) is immediate to verify. Lastly, we have:

E (aéit(at(gvg)v 9)) 0
Cio=&Xo=A | T o> | T o]
075707 O ¢’ =2

“+oo
= ( ZPS R — BN + (po — P)Bo ZP(S)_I/\QLS>

s=1

- (a6.6) - (6,9)

which is also uniformly bounded. This verifies Assumption 3 part (iv).
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Finally, let us verify Assumption 3 part (v). We have:

0l (@ (0, &50), 0 7
Ehi=h.gi0=¢20=2 ( : E‘)a . )) = Eeimnp(e) o—ro=r (Yit = Wiat) = @'(0,&49)) -

This is a linear function of h — ¢(&) whose coefficients are uniformly bounded.

Likewise:

0
En,=h.g,0=¢ 20=) (a&

is also linear in h — (), with coefficients that are uniformly bounded.

(@' (6,€5),0) )

9 Oa

Moreover:

0@ (0, €59), 0
Varhi—h,sm—g,xo—x( d (850) )> = Vary,—n.¢,,=e ro= (Yir — W},0)

is non-stochastic by Assumption F1 (ii), and it is easy to see that it is bounded uniformly in h, &, A,
t, and 6.
Similarly:

0

D0y (a(6,€),0
Vary,—h,¢,0=¢A0=2 (E)@ Otu(a'(0,£),6)

9 da

) = Vary,—p ¢, =t xo=x (Wit)

is uniformly bounded.
This verifies Assumption 3 part (v).
Applying Theorem 1, we obtain:

N
_ _ 1 1 K s 1
— -1 3. il dim X;,+1 I
6 = G+H'TY s,+0p(T)+Op(N)+Op(K )+op<m>,

i=1

where [ = E ((Wis = Eg,y 2 (Wit) (Wit = Be,y 2o (War))'), and 5; = 3 S0, (Wi = Eg,y 20 (Wit)) Usr

G Additional simulation results for the probit models

In this section we present additional results on the simulations of probit models. We start by describing
the DGP in detail. We then show results about inference and estimation of K. Finally, we present

two exercises related to computational aspects of GFE.

G.1 Monte Carlo designs and estimators

We consider the following static probit model:

Yii = 1{X[0i0+ aio + Uy >0},
Xy = Mizo + V;ta
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where Uy are i.i.d. standard normal, independent of X;, oo, jt;9, and Vj; are i.i.d. normal with zero
mean and identity covariance matrix, independent of all U;;’s, X;, a;o, and fi;q.

We consider three different specifications for 010, curo, and po. In the fized-effects probit specifi-
cation, all components of 0;;9 are constant, equal to 1, and p;,q = ;o are normal with zero mean and
identity covariance matrix. In DGP 2 to 4, we set ayy = \% Yoy ,ul(.g/) + (;, where (; are standard

normal independent of 1y, and ,u%/), r" = 1,...,r, denote the components of p;;. In DGP 1 we set

Q0 = M40

In the time-varying specification, all components of ;4 are constant, equal to 1, a0 = ayofr and
Wiro = Mo ft, where ayp and p,, are as in the fixed-effects specification, and f; = —t is a time trend.
Note that, given the one-dimensional factor structure, the underlying dimension of ;g is still one in
this case.

Finally, in the random coefficients specification, a0 and p;,, are modeled as for fixed-effects probit.
In addition, the first component of 6,49 is constant, equal to 1, and all other components are identical,
equal to 91(: )= 0%/) =1+ %% While the number of heterogeneous parameters is increasing relative
to the fixed-effects specification, the underlying dimension of (a0, 0}) is equal to one.

We estimate the fixed-effects probit specification using GFE methods based on the moment vectors
hi = (Y;,X,), running a probit on group indicators in the second step. When estimating the time-
varying specification we take h; = (7i,fg)’ as moments, and interact the group indicators with time
dummies in the second step. Lastly, we estimate the random coefficients specification using GFE
based on h; = (?i,Y;,W;)’, where in the second step we interact the group indicators with all
covariates except the first one. We will compare GFE with fixed-effects estimators in two of the three
specifications: fixed-effects probit and random coefficients. However, fixed-effects is not feasible in
the time-varying specification. For every specification, we will vary the dimension of heterogeneity by
varying the number of covariates.

In all simulations we take N = 1000 and T" = 20, and report estimates of the first component of 64,
which is always constant and equal to 1 irrespective of the design. We perform 500 simulations, and
estimate kmeans using the matlab implementation, which augments Lloyd’s updates with a local search
rountine, using 100 randomly generated starting values. For iterated GFE, we start the iteration at
the two-step estimate and iterate 10 times. To implement conditional kmeans we initialize Algorithm
2 at two-step estimates. In the cubic specification we include all linear, quadratic, and cubic powers
of the elements of X;;, as well as a set of interactions, for (dim X;; + 1)? coefficients in total. In the
neural network specification we use a single hidden layer feedforward model with three nodes, with a
sigmoid input link and a linear output link. We train the neural network using matlab’s “trainscg”.
Note that, in this case the algorithm is not guaranteed to decrease the objective function in each step.

We stop the algorithm after 10 iterations.
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G.2 Inference

In Table S1 we report the analytical coverage for two-step GFE, iterated GFE, and fixed-effects, both
uncorrected and using half-panel jackknife bias correction. To compute confidence intervals we use two
methods: an analytical method based on H in (17), and a method based on the bootstrap clustered
at the individual level.

Consider first the fixed-effects probit model in Panel A. The results show that coverage accuracy for
two-step GFE strongly depends on the dimension of heterogeneity. In DGP 1, where the dimension is
one, both analytical and bootstrap methods give close to nominal coverage when using bias correction.
This is true both when K = 10 and when we estimate K using our rule (DGP 1*). This finding is
in line with Corollary 4. However, in the other DGP the dimension of heterogeneity is larger and
two-step GFE is substantially biased, as shown by Table 1. As a result, coverage probabilities are
heavily distorted. The intermediate case of DGP 2 is interesting, since under-coverage is somewhat less
severe when using our rule to estimate K, especially when using the bootstrap to construct confidence
intervals.

In contrast, the iterated GFE estimator, while showing some coverage distortions as the dimension
of X grows (even after bias correction), outperforms two-step GFE, and in fact it tends to outper-
form bias-corrected fixed-effects in terms of coverage when using the bootstrap. According to our
simulations, bootstrap inference is more reliable than inference based on the analytical method. It is
interesting to see that bootstrap inference based on iterated GFE with bias correction has relatively
small finite sample distortions, even in DGP 3 and 4 where the dimension of heterogeneity is such
that Corollary 4 does not apply.

Consider next the model with time-varying unobservables in Panel B of Table S1. In DGP 1,
bias-corrected two-step GFE tends to undercover. Note that in this case the conditions of Corollary 4
are not met, since there are p = T time-varying parameters, and the DGP features a non-stationary
time trend. In DGP 2 to 4 the dimension of heterogeneity is larger, and biases are higher, so the two-
step method undercovers heavily. An exception is DGP 2 when we estimate K (DGP 2*), in which
case bias-reduced two-step GFE is not substantially biased, and the bootstrap coverage probability is
good. In the various DGP, iterated GFE gives less distorted coverage probabilities. Indeed, while the
analytical inference method undercovers, bias-reduced iterated GFE tends to be conservative when
based on the bootstrap. Lastly, in this time-varying specification, fixed-effects is no longer consistent,
hence we do not report inference in this case.

Finally, consider the random coefficients probit model in Panel C. In both DGP 3 and 4, where the
dimension of heterogeneity is relatively large, coverage based on two-step GFE is heavily distorted.
In such DGP, Corollary 4 is not applicable, since (16) is not met. In contrast, although iterated
GFE undercovers substantially when using analytical confidence intervals, the bootstrap provides

more accurate coverage. Note that for DGP 4 the bias-corrected fixed-effects estimator undercovers

37



less than in DGP 3, but in both cases the estimator is substantially biased and the higher coverage
probability in DGP 4 only comes from the very large standard deviation of the estimator (see Table

2 in the main text).

G.3 Additional results with estimated K

We next present results on the performance of two-step estimators when we estimate K. When the
dimension of heterogeneity is small, such as in DGP 1 and 2, we use (4) with v = 1 to set K. We
have used this method in DGP 1* and 2* in Tables 1, 2, and S1. In DGP with a larger dimension of
heterogeneity, such as DGP 3 and 4, conditional methods perform substantially better than two-step
GFE, and we use a different rule based on a conditional first step to set K, as described in Appendix
B.2. Both rules are based on the first step alone.

In Table S2 we show the results for DGP 1 and 2, using the unconditional rule (4). The results
illustrate how the choice of K adapts to the dimension of heterogeneity. A larger dimension d increases
approximation error, hence leads to a larger value of K. We also report the estimated K in half-panels,
since we compute them as part of the bias correction strategy. In half-panels the estimates of K
decrease, since the noise level increases. Notice that, in the time-varying specification, K estimates
differ for the two half-panels. This is probably due to the lack of stationarity of the DGP in this case.
We commented on mean estimates when discussing the results of Tables 1 and 2 in the main text. In
addition, standard deviations do not seem to increase when estimating K.

We turn now to the performance of GFE methods when the choice of K is based on a conditional
first step, as described in Appendix B.2. We first compute the kmeans estimator with K.« = 30.
We use this unconditional classification to initialize a linear conditional kmeans algorithm that uses
first-order polynomials as a basis, also with Ky, = 30. In the case of the time-varying probit model,
we add a linear trend to the set of covariates. This step provides the value of the noise level. We
then estimate the conditional kmeans estimator, and we compare the noise level to the value of the
objective, for different values of K. The selected K is then the smallest value such that the noise level
is larger than the conditional kmeans objective. This choice of K balances the time-series noise versus
the approximation error solely due to ayg.

We show the results in Tables S3 and S4. Notice that the estimated K is now lower than when
using our unconditional rule (see Table S2). As an example, in the fixed-effects probit model in DGP
2, K is around 6 in the conditional case, whereas K is around 20 in the unconditional case. In addition,
the estimated K values remain stable when the number of covariates increases. In fact, we see a mild
decrease in K, which might be due to the nonparametric approximation to the conditional expectation
of Y given X: since we keep the number of terms in the series fixed, the nonparametric error increases
with the number of covariates, hence driving the noise level up and giving a lower K value.

Tables S3 and S4 show that the performance of GFE methods is quite similar to the case with
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K = 10. The case of DGP 2 in Table S3 is interesting, since when using the conditional rule to set
K two-step GFE is severely biased in this case. This is due to the fact that the estimated number of
groups (K ~ 5 — 6) is small relative to the one given by our unconditional rule in Table S2 (K = 20).
Indeed, the conditional rule targets a uni-dimensional approximation error in this case, but the bias
of two-step GFE is affected by a bi-dimensional approximation error. In contrast, we see that GFE
methods with a conditional first step — for which the conditional rule is designed — tend to perform

very well.

G.4 Computational aspects

Finding the global optimum in kmeans is challenging, and most available algorithms only provide
approximate solutions. In Table S5 we study the impact of using different numbers of random starting
values in the kmeans heuristic on the statistical performance of GFE estimators. We focus on a fixed-
effects probit specification with N = 1000 and T" = 20, and use K = 10 groups. Let n be a number of
starting values. In each of the 500 simulated samples, we compute 100 kmeans partitions starting at
n randomly generated values, and the resulting two-step GFE estimators. We then report the total
variance across samples and kmeans runs, as well as the between-sample and within-sample variances.
The share of within to total variance measures the contribution of numerical error to overall variability
of the estimator.

Unsurprisingly, as the number of starting values increases, the share of variance due to numerical
error decreases. Interestingly, it is quite small as soon as we use more than 100 starting values.
With 100 values, the numerical variability of kmeans increases the variance of two-step GFE by 1.9%
in DGP 2, and by 12.3% in DGP 4. With 1000 starting values, the increase is 0.3% and 7.5%.,
respectively. Although increasing the number of starting values adds to the overall computational
burden, off-the-shelf parallelization is available in various kmeans routines.

Finally, in Table S6 we compare the computational cost of fixed-effects, two-step GFE, and iter-
ated GFE estimators, for different cross-sectional sizes, from N = 100 to N = 10000, in a random
coefficients probit model with three covariates (DGP 3). We separately record the time used by the
kmeans algorithm in the total computation of GFE. We use 100 starting values to compute the kmeans
partition in the first step. When the sample size is small, fixed-effects is faster than GFE, due to the
overhead cost of starting the computation in kmeans. However, as N increases to moderate sizes,
such as N = 1000, GFE becomes faster than fixed-effects. The reason is that kmeans computation
only increases moderately with the sample size, and second-step computation involves much fewer
parameters to estimate than fixed-effects. Iterating adds some computational cost, and fixed-effects
is faster than iterated GFE (where we iterate 10 times) up to N = 1000. However, for N = 5000 and
N = 10000, iterated GFE is faster than fixed-effects in this DGP.

39



H Complements on the dynamic model of location choice

In this section of the appendix we provide details on our illustration to the dynamic structural model

of migration, and we report additional results.

H.1 Details on computation and estimation

Value functions. Let us denote the integrated value function as:

Vt(Si,t—l) =E { max  Vi(4, Sit—1) + & (J) ‘ Si,t—1:| .

je{1,...,J}

The alternative-specific value functions are:

Vi(4, Si—1) = E {PWit(j) — Ci(Jig—1)1{j # Jig—1} + BV¢(Sir)

Jit = Js Si,t1:| ;
where S;; = (j, Z{tfl,ai <¥7i{t71) ) Ci (jz]tq)) when j; = j, for jij’ltfl = Jit—1 U {j}. From the

functional forms we obtain (as in Rust, 1994):

J

Vi(Sit—1) =In ZQXPW(jaSi,tfl) +7, (H1)
=1

where v ~ .57 is Euler’s constant. Moreover:

W(]a Si,tfl) =
2

E {pexp (m(j) + "2) — il Wi # Gia1} + BV (3, Ty (T30 ) sei (Fisa)) (e = 3 Si,t_l] ,

(H2)

where the expectation is taken with respect to the belief distribution, which is the conditional distri-

bution of «;(j) given oy (Ji—1) and ¢; (Ji¢—1), conditional on j; ;1 and ji = j.

Computation. To compute the solution, we first calculate the full-information value functions
and then proceed using backward induction. In the case where all locations have been visited,
Jiw = {1,...,J} so Siu = (Jie, {1, ..., T}, {ai(1), ..., i (J) }, {ci(1), ..., c;(J)}). Denote the correspond-
ing integrated value function given the most recent location j as VJ(i,j). From (H1) and (H2) we

have:

J 2

—J .. . g . . . ~—J . . .

Vi(i,j)=ln | exp {peXp (ai(y')+2> —a(NH # G +BV G| ) v d=1e
j'=1

We solve this fixed-point system by successive iterations.
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Consider now a case where the agent has visited s states in set J g {1,...,J}, and is currently at

location j. Let Vs(z', j,J) denote her integrated value function. The latter solves:

V(07) = (% v (B (e () + 5 ) - i)+ 97 0.5.97) |
3 e oo (i) + 5 ) — UL #7467 ) ) .
jeJ

where E ; ;v is taken with respect to the distribution of a;(j’) given a;(J) and ¢;(J), conditional
on moving from j to j’. In practice we discretize the values of each a;(j) on a 50-point grid. In the
model with heterogeneous costs, this also implies a discretization of mobility costs given our modeling
of costs and returns (see below). In the computation of the fixed points we set a 107! numerical

tolerance.

Estimation. The choice probabilities entering the likelihood are given by an estimated counterpart
0 (26), where the estimated value functions ‘Z (]}ji,t_l, Tit—1, a(%h Tit—1), c(@i7 Tit—1), 0) solve the
system (H1)-(H2). Notice that, in the model with homogeneous costs, ¢ does not depend on the group
or the history of locations. We estimate the conditional expectation in (H2) as a conditional mean
given a(E—, Jit—1) and C(Ei, Jit—1), based on all job movers from J;;—1 to jix = j. Nonparametric or
semi-parametric methods could be used for this purpose. We use an exponential regression estimator
in the illustration, with degree one to compute expected returns, and degree two for expected value

functions. We checked these specifications provided a good fit to the conditional expectations.

Iteration. To perform the iteration, we first estimate the idiosyncratic variance of log-wages o2 as:

i (10— ki) (H3)

1t=1

Mz

-
Il

Then, individual groups are assigned as

%1(2) = argmax ZZH]M-]}(IHPT (]zt—]‘]zt 1, Jig—1,Q a(k, Tt~ 1) (k»s%,tfl)vb\)

ke{l,... K} 19 5=
+ln¢(lnmt7a(k7])782)>,

where ¢ denotes the normal density. Note that information on both wages and choices is used to
reclassify individuals.

Given group assignments, we update parameters as:

SN ST HEY = k)1 = 5} Wi
SN SE HED = k)1 = )
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with an update for o2 analogous to (H3), and:

N T J
@,6?) = argmax > D> Wju=jtmPr (jz‘t =jldis-1: i1, 6D E T ), (B, Tipa), 9) ’
0:0) =1 =1 j=1
This procedure may be iterated further. Note that in the update step we do not maximize the full
likelihood as a function of parameters o, ¢, o2, #. Rather, we use a partial likelihood estimator by
which we first estimate wage parameters a and o2, and then estimate utility and cost parameters
and ¢. We use this approach for computational reasons; see Rust (1994) and Arcidiacono and Jones

(2003) for related approaches.

Specification of cost heterogeneity. In the DGP with heterogeneous costs, we specify ¢;(j) =

o~

exp(co+c1a4(7)), where we estimate ¢y and ¢; using an exponential regression of the estimates ¢(k;, j)
on a@,—,j) and a constant, across both groups and regions. We find ¢y = 0.85 and ¢; = 0.32. A positive
relationship between returns and mobility costs could reflect a link between costs and investments. In

the Monte Carlo, GFE recovers ¢y quite well, although ¢; estimates are somewhat biased downwards.

H.2 Additional results

In this subsection we show additional estimation results for the illustration in Section 5.

Parameters a and b. In Figure S1 we report analogous Monte Carlo results as in Figures 4 and
5, for the parameters a and b that govern the probability of being a “mover type”. In particular, we

see that two-step GFE and its bias-reduced and iterated versions perform quite well.

Fit of the model. The model reproduces well the probability of moving, both unconditionally and
conditional on past wages; in particular it reproduces the negative relationship between past wages
and mobility. It also reproduces means and variances of log-wages by location. However, the model
does not fit well average wages after mobility, as it tends to predict mean wage increases upon job

move while the data do not show such a pattern.

Fixed-K GFE. Until the end of this subsection we focus on the model with homogeneous costs.
We start by reporting results based on fixed values of K, from K = 2 to K = 8, in Figure 52. We
see that taking K = 2 yields imprecise estimates, in particular for p. In comparison, taking K = 4,
K =6 or K = 8 results in better performance. The most accurate results are obtained taking K =6
or K = 8 and using bias reduction and one or three iterations. Those results are close to the ones

using our method to select K (see Figure 4, where the average value for K is 6.4).
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Complements: fixed-effects estimates. In the DGP with homogeneous costs, fixed-effects
estimation is computationally tractable. This is due to the fact that the a’s and the structural
parameters can be estimated sequentially. One fixed-effects estimation of the structural parameters is
about 2.5 times slower than one estimation of the model with 6 — 7 groups (an average value of K ),

although it becomes 5 times slower in a sample with 5 times as many individuals.

Complements: random-effects estimates. To compute random-effects estimators based a
finite mixture with K = 2, K = 4, and K = 8 types, respectively, we use the EM algorithm of
Arcidiacono and Jones (2003), where wage-specific parameters and structural parameters are estimated
sequentially in each M-step of the algorithm. Setting a tolerance of 10~¢ on the change in the likelihood,
the algorithm stops after 27, 80, and 339 iterations with K = 2, K = 4, and K = 8 types, respectively.

Estimation is substantially more time-consuming than when using two-step grouped fixed-effects.

I Empirical illustration: firm and worker heterogeneity

In this section of the appendix we present an empirical illustration, where we consider the question of

assessing the sources of wage dispersion across workers and firms.

I.1 Setup and main results

We consider an additive model in worker and firm heterogeneity:
Yie = 0 + V0 + it (I1)

where Y;; denote log-wages, worker i works in firm j(7,t) at time ¢, and 7, and v, denote unobserved
attributes of worker ¢ and firm j, respectively. Equation (I1) corresponds to the model of Abowd,
Kramarz and Margolis (1999) for matched employer-employee data, where we abstract from observed
covariates for simplicity. Our interest centers on the decomposition of the variance of log-wages into a
worker component, a firm component, a component reflecting the sorting of workers into heterogeneous

firms, and an idiosyncratic match component:

Var (yi1) = Var (n;) + Var (%(i,n) + 2 Cov (771', ¢j(i,1)) + Var (e1) . (I2)

Identification of firm effects 1; comes from job movements. As an example, with two time periods

the fixed-effects estimators of the ¢,’s are obtained from:
Yio = Yir = ¥ji.2) — ¥j(i1) + iz — €its

which is uninformative for workers who remain in the same firm in the two periods. When the number

of job movers into and out of firm j is low, ¢; may be poorly estimated; see Andrews, Gill, Schank
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and Upward (2008) and Jochmans and Weidner (2016). This source of incidental parameter bias may
be particularly severe in short panels.

To alleviate this “low-mobility bias”, Bonhomme, Lamadon and Manresa (2019, BLM) propose to
reduce the number of firm-specific parameters by grouping firms based on firm-level observables in a
first step. Then, in a second step, the 1;’s are recovered at the group level, thus pooling information
across job movers within firm groups. Specifically, given a kmeans-based classification {E]} of firms,

the ¥ (k)’s are estimated based on the following criterion:

n

) < HIAE (YiQ G |Ej(’?1)’%3’(“>> —v (EN’Q)) Y @(“)) H2
where E denotes a group-pair average and n denotes the number of workers, subject to a single
normalization (e.g., ¥(K) = 0).

This estimator is a two-step GFE estimator based on external moments. Here N is the number of
firms, 7" is the number of available observations to estimate the firm-specific parameters 1; (that is, T
is the number of job movers per firm), and .S is the number of measurements on firm heterogeneity. In
BLM, firms are classified based on their empirical wage distribution functions. Note that a difference
with the setting of Theorem 1 is that here the likelihood function is not separable across firms, due
to the fact that two firms are linked by the workers who move between them. We conjecture that
Theorem 1 could be extended to such network settings, although formally developing this extension

exceeds the scope of this paper.

Classifying firms based on wage distribution functions. Here we outline the distribution-
based approach we use to classify firms. Let Yjs denote the wage of worker s in firm i. We denote
E(y) = %Zle 1{Y;s < y} the empirical cumulative distribution function of Y;s. We classify firms
based on h; = Fj, using the norm 912 = [ g(w)*w(w)dw, where w is an integrable function. The
classification step then is: ming o 4 Zfil \|h; — h(k;)||%, where the h(k)’s are functions. In practice

we discretize the integral, leading to a weighted kmeans objective function.

Simulation exercise. We now present simulation results based on model (I1). We focus on a
two-period model, where g;; are independent of j(i,1), j(i,2), n’s, and ®¢’s, have zero means, and
are i.i.d. across workers and time. Following BLM we adopt a correlated random-effects approach to
model worker heterogeneity within firms. The parameters of the model are the firm fixed-effects 1}, the
means and variances of worker effects in each firm p; = E (n; | j(i,1) = j) and 03 = Var (n;]7(i,1) = j),
and the variance of idiosyncratic errors s> = Var (g;1). We will be estimating the components of the
variance decomposition in (I12). In addition we will report estimates of the correlation between worker

and firm effects, Corr (ni, %(m)), which is commonly interpreted as a measure of sorting.
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In the baseline DGP firm heterogeneity is continuous and three-dimensional, and its underlying

dimension equals one. Specifically, the vector of firm-specific parameters is:
aj = (v, ny, 07) = (% E (ij(z',l) = %‘) , Var (m-le(i,1) = %‘)) :

so all firm-specific parameters are (nonlinear) functions of the scalar firm effects t;. This specification
is consistent with theoretical models of worker-firm sorting where firms are characterized by their
scalar productivity level.” Below we report simulations using several alternative designs. We study
cases where the underlying dimension of firm heterogeneity is equal to two, which allows for a second
dimension of latent firm heterogeneity in addition to the wage effects ¢, (below we provide evidence
suggesting that the underlying dimension of firm heterogeneity is low in the data). We also consider
a DGP where firm heterogeneity is discrete in the population.

We start by estimating model (I1) on Swedish register data, following BLM. We select male
workers full-year employed in 2002 and 2004, and define as job movers the workers whose firm IDs
change between the two years. We focus on firms that are present throughout the period. There
are about 20,000 job movers in the sample. We use two-step GFE with a classification based on the
firms’ empirical distributions of log-wages in 2002, evaluated at 20 percentiles of the overall log-wage
distribution, with K = 10 groups. In the second step, we estimate the model’s parameters @(E]),
7i(k;), 32(k;), and 52,

Given parameter estimates, we then simulate a two-period model where firm heterogeneity is
continuously distributed. Specifically, the 1;’s are drawn from a normal distribution, calibrated to
match the mean and variance of the QZ(%)’S. We draw 120,000 workers in the cross-section, including
20,000 job movers. We run simulations for different firm sizes, from 10 workers per firm to 200 workers
per firm. The total number of job movers is kept constant, so the number of movers per firm increases
with firm size.

In Table S9 and Figure S3 we report the mean and 95% confidence intervals of GFE and fixed-
effects estimators of the components of the variance decomposition (12), across 500 simulations. We
estimate the number of groups in every simulation. We see that biases of two-step GFE estimators
decrease quite rapidly when firm size grows, although biases are not negligible when firms are small.
As an example, the variance of firm effects is two thirds of the true value on average when firm size
equals 10, and 75% of the true value for a firm size of 20. Moreover, although we do not have a
theoretical justification for it in this setting, bias correction using the half-panel jackknife method of
Dhaene and Jochmans (2015) tends to provide performance improvements: for example, biases for the
variance of firm effects become 25% and 5% for firm sizes of 10 and 20, respectively. Note that here

bias correction is not associated with large increases in dispersion. To implement the bias-correction

2Here Assumption 2 requires the mapping Y (1/1]» +E (ni | 1/Jj) , Var (m | 1/Jj)) to be injective. Firm-specific

means of log-wages being monotone in 1; is sufficient, though not necessary, for this to hold.
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method we select two halves within each firm at random, and we re-estimate the number of groups in
each half-sample. In addition, the last column in the table shows that the estimated number of groups
is rather small, and close to proportional to the square root of firm size (which is to be expected in
this DGP with one-dimensional underlying heterogeneity).

Lastly, in the bottom panel of Table S9 we report the results for a fixed-effects estimator, which
is computationally feasible in this linear setting. We see that fixed-effects is substantially biased.
This shows that incidental parameter bias due to low mobility is particularly acute in this DGP. The
contrast between fixed-effects and GFE is in line with Theorem 1, since here the number T of job
movers per firm is small relative to the total number S of workers in the firm which we use to group
firms. Hence, GFE, possibly combined with bias reduction, provides an effective regularization in this

context.

1.2 Complements

Asymptotic properties of the distributional first step. Let Fi(y) = Pr(Yis <y|aio) =
G (y; o) denote the population cumulative distribution function of Yjs. Similarly to Lemma 1, the

following convergence rate holds:

N 5 1
v 2[5 el = 0, () + 0 (Bati).
provided (7) %sz\; HE — F||2 = 0,(S71), and (ii) G(-; ) is Lipschitz-continuous in its second
argument. Here a — G(-; ) maps individual-specific parameters to functions in L?(w). In order for
() to hold, a functional central limit theorem on }?'i, together with w being integrable, will suffice. The
Lipschitz condition in (4) will be satisfied provided [ mnfa(z‘ai) alng(ci’,‘ai)f(y | a;)dydz is uniformly
bounded.

For the second step to deliver estimators with similar properties as in Theorem 1, an injectivity

condition is needed. When classifying individuals based on empirical distributions, this condition does
not impose further restrictions other than a;g being identified. Indeed, o — G(-, &) being injective is
equivalent to [G(-, ag) = G(-,a1) = a2 = 1], which in turn is equivalent to a;p being identified given

knowledge of the function G.

Details on estimation. Following BLM we exploit the following restrictions, where we denote as
m; = 1{j(i,1) # j(4,2)} the job mobility indicator. For job movers, using the fact that mobility does

not depend on ¢’s, and that ;1 is independent of €;5, we have:

E (Yio — Yir[mi = 1,5(i,1),5(5,2)) = ¥ju2 — ¥Yj60) (I3)
Var (Yig — Y1 [ms = 1,5(i,1),5(i,2)) = Var(ei2) + Var (g21) = 25 (14)
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Then, in the first cross-section we have:

E(Yialj(i,1) = a0 +EMmIiG1) = Y61+ B (I5)
Var (Yir|j(i,1)) = Var (n;]5(i, 1)) + Var (ei1) = 054,y + > (16)

In estimation, we first compute a firm partition {Ej} into K groups based on firm-specific empirical

distributions of log-wages (evaluated at 20 points). In the second step, we use the following algorithm:

1. Compute @(Ej) based on sample counterparts to (I3).
2. Compute 3% based on (I4).
3. Given 1//;(7{\]), compute ﬁ(if\]) based on (I5).

4. Given 52, compute 52 (%]) based on (I6). In practice we impose non-negativity of the variances

using a quadratic programming routine.

Given parameter estimates, we then estimates the variances and covariance in (12) by aggregation
across types.

The fixed-effects estimator in Table S9 is computed following the same algorithm, except that K
is taken equal to N. Hence, the estimates of the firm effects ; correspond to the estimator of Abowd,
Kramarz and Margolis (1999). However, instead of relying on a fixed-effects approach on the worker
side, in this two-period setting we rely on a correlated random-effects approach to deal with worker
heterogeneity. In that specification, the mean and variance of worker effects n; are firm-specific. We

compute the connected set in an initial step, and use sparse matrix coding for efficient computation.

Monte Carlo designs. We consider four additional DGP, in addition to DGP 1 reported in Table
S9. In Table S7 we show the sample sizes that we use in all designs, including the average number of
job movers per firm. DGP 2 has one-dimensional underlying heterogeneity, with different parameter
values: the variance of firm effects is larger than in DGP 1, while the correlation between firm effects
and worker effects is smaller, the relative magnitudes being close to the estimates of Card, Heining
and Kline (2013). DGP 3 and DGP 4 have two-dimensional underlying heterogeneity (1;, V;), where
¥; is the wage firm effect and V; drives workers’ firm choice. (1;,V;) are drawn from a bivariate
normal distribution, and the mean and variance of worker effects in the firm are set to pu; = V; and
O’? = (a+ ij)2 for some constants a,b which are calibrated to the Swedish sample. We interpret
V; as a present value driving workers’ mobility decisions across firms, which may be only imperfectly
correlated with t; in the presence of non-pecuniary attributes valued by workers. As displayed in
Table S8, the two-dimensional DGP differ in terms of parameter values. The last row of the table
shows the correlation between the wage firm effect ¢; and the present value V; in all DGP. Lastly,
DGP 5 has discrete heterogeneity. Specifically, there are K* = 10 “true” groups in the population.

The groups are chosen by approximating the firm heterogeneity of DGP 1.
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Alternative DGP with one-dimensional heterogeneity: results. In Table S10 we report
the results of two-step GFE and its bias-corrected version, as well as fixed-effects, in DGP 2 with
one-dimensional heterogeneity and a larger variance of firm effects than in Table S9. The performance

of the estimators is comparable to Table S9.

Bias-corrected fixed-effects. In Table S11 we report the results of bias-corrected fixed-effects
estimation in DGP 1 (top panel, see Table S9) and DGP 2 (bottom panel). In order to implement the
bias correction we use the half-panel jackknife of Dhaene and Jochmans (2015), splitting all workers
in every firm into two random halves, including job movers. We see that, although bias correction
improves relative to fixed-effects, the bias-corrected estimator is still substantially biased, even for
moderately large firms. Notice that some of the variance estimates are in fact negative. This is due

to the fact that the additive bias correction method does not enforce non-negativity.

Inferring the underlying dimension of firm heterogeneity. As a motivation for consid-
ering DGP with an underlying dimension higher than one, but still relatively low, we now attempt to
learn the underlying dimension of firm heterogeneity on the Swedish matched employer-employee data
set. In statistics, the literature on manifold learning aims at inferring the low intrinsic dimension of
large dimensional data; see for example Levina and Bickel (2004) and Raginsky and Lazebnik (2005).
Motivated by our method for selecting the number of groups, the method we use here consists in
comparing the length of the panel S with the number of groups K estimated from (4). If the under-
lying dimension of ¢(£;,) is d > 0, then we expect Q(K) to decrease at a rate OP(K*%) + 0,(S71).
This suggests that K and S? will have a similar order of magnitude. In such a case the underlying
dimension may be inferred by plotting the relationship, for panels of different lengths, between In K
and In S, the slope of which is 3/2

In Figure S4 we report the results of this exercise, taking firms with more than 50 employees, and
then randomly selecting 2% in each firm, where z varies between 5 and 100. The left graph shows
the shape of the objective function @(K ) as a function of K, in logs. In each sample the estimated
number of groups K lies at the intersection of that curve and the horizontal line ln(TA/h). We use a
slight modification of the T7h formula to deal with the fact that here the “panel” is unbalanced, since
different firms may have different sizes. On the right graph we then plot In K against the logarithm
of the average firm size in each sample (here we report results based on empirical cdfs of log-wages
evaluated at 20 points, but we checked that using 40 points instead did not affect the results). We
see that the relationship is approximately linear and the slope is close to one, suggesting that the

underlying dimension is around d=2.

Two-dimensional heterogeneity: results. In Table S12 we report the simulation results for

DGP 3 with continuous two-dimensional firm heterogeneity. The results for DGP 4, with a smaller
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variance of firm effects, are reported in Table S14. The results are shown graphically in Figures S5
and S6. Focusing on the first panel, which corresponds to our recommended choice for the selection
rule of the number of groups (that is, taking v = 1 in (4)), we see that the two-step estimators
show larger biases than in the one-dimensional case, especially for the variance of firm effects and the
correlation parameter. Moreover, bias correction does not succeed at reducing the bias substantially.
This suggests that, for the selected number of groups, the approximation error is still substantial. At
the same time, as shown by the two bottom panels of the tables, taking v = .5 and v = .25 improves
the performance of the two-step estimator. Notice that while the selected number of groups K is
monotone in firm size for v = 1 and « = .5, it is not monotone for v = .25. This is a finite sample
issue: when taking v = .25 and focusing on large firms the number of groups is no longer negligible
with respect to the number of firms in the sample. Lastly, performance is further improved when using
the bias-reduced estimator.

As pointed out in Section 4, features of the model may be exploited to improve the classification.
In the two-dimensional designs DGP 3 and DGP 4, we perform the following moment-based iteration.
The two-step method delivers estimates of the mean and variance of worker effects 7; in firm group
%j: ﬁ@]) and 52 (%j), respectively. Regressing 1/ 52 (@]) on ﬁ(@]) and a constant then gives estimates

b and @. Given those, we construct the (iterated) moments:
o Var(Yal) -2 -a \/Var(Yia | j) — 82 —a
hij = E(Yir |7) -

= y hoj = = ,
b ! b

where E and Var denote firm-specific means and variances. Those moments will be consistent for ;
and Vj, respectively, as S tends to infinity. We then apply two-step GFE to the moments hq; and
ha;. In Tables S14 and S15 we report the results for the iterated estimator (only iterated once) and
its bias-corrected version, for DGP 3 and DGP 4, respectively. We see that the iteration improves

performance substantially for DGP 3, although it has small effects on performance in DGP 4.

Low mobility bias and regularization. As shown by Theorem 1, a benefit of discretizing
unobserved heterogeneity is that it can reduce the incidental parameter bias of fixed-effects estimators.
In the illustration on matched employer-employee data, fixed-effects estimators may be biased due to
low rates of worker mobility between firms. In order to assess the impact of mobility rates on the
performance of fixed-effects and GFE estimators, in Figures S7 and S8 we report the results of the
estimated variance decomposition on 500 simulations, comparing fixed-effects, bias-corrected fixed-
effects, two-step GFE with bias correction, and iterated two-step GFE with bias correction. We
perform simulations for different number of job movers per firm, from 2 to 10 (shown on the x-axis),
and a fixed firm size of 50. The two figures show the results for the two-dimensional DGP: DGP 3 and
DGP 4, respectively. We see a striking difference between fixed-effects and GFE: while the former is

very sensitive to the number of job movers, the latter is virtually insensitive. In particular, for low
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numbers of job movers fixed-effects and its bias-corrected counterpart are severely biased, while the
biases of GFE remain moderate. This is in line with Theorem 1. It is worth noting that the average
number of job movers per firm is around 0.5 in the original Swedish sample. This suggests that, at
least in short panels, the discrete regularization achieved in GFE may result in practical improvements

relative to fixed-effects in data sets of realistic dimensions.

Discrete heterogeneity: results. Finally, in Table S16 we report results for a discrete DGP
(DGP 5) where all firm population parameters are constant within groups Ej, with K* = 10. In this
case the results of two-step GFE with K = K* turn out to be quite similar to those obtained in
the continuous DGP in Table S9. However, as the last column in the table shows, in this discrete
DGP misclassification frequencies are sizable: 69% misclassification when firm size equals 10, and
still 23% when size is 100. We computed misclassification frequencies by solving a linear assignment
problem using the simplex algorithm in every simulation. This suggests that, for this DGP, an “oracle”
asymptotic theory based on the premise that group misclassification is absent in the limit may not
provide reliable guidance for finite sample inference, even when the true number of groups is known.
Lastly, the table shows some evidence that bias correction (where the number of groups is estimated

in every simulation) improves the performance of the estimator in this setting too.
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Table S1: Coverage probabilities

A. Probit with fixed effects

Two-step Iterated Fixed Effects

analytical bootstrap analytical bootstrap analytical bootstrap
DGP UC  BC uc  BC uc  BC uc  BC ucC BC UC BC

1 0.874 0.914 0870 0.944 0.010 0.898 0.014 0.934 0.010 0.906 0.012 0.902
1* 0.864 0.948 0.878 0.944 0.006 0.932 0.008 0.952 0.010 0.906 0.012 0.902
2 0.000 0.000 0.000 0.000 0.022 0.858 0.030 0.952 0.010 0.920 0.014 0.922
2* 0.092 0.544 0.142 0.852 0.006 0.866 0.020 0.930 0.010 0.920 0.014 0.922
3 0.000 0.000 0.000 0.000 0.002 0.700 0.004 0.884 0.000 0.848 0.002 0.858

0.000 0.000 0.000 0.000 0.000 0.634 0.008 0.816 0.002 0.758 0.002 0.796

B. Probit with time-varying unobservables

Two-step Iterated Fixed Effects
analytical bootstrap analytical bootstrap analytical bootstrap

bGp UC BC UC BC UC BC UC BC ucC BC UC BC

1 0.896 0.846 0.732 0.876 0.000 0.518 0.000 1.000 - - - -
1* 0.876 0.730 0.680 0.670 0.000 0.226 0.000 0.952 - - - -
2 0.000 0.000 0.000 0.000 0.018 0.268 0.074 0.994 - - - -

2* 0.002 0.234 0.082 0.970 0.000 0.030 0.000 0.520 - - - -
0.000 0.000 0.000 0.000 0.000 0.326 0.000 1.000 - - - -
0.000 0.000 0.000 0.000 0.000 0.388 0.000 1.000 - - - -

C. Probit with random coefficients

Two-step Tterated Fixed Effects
analytical bootstrap analytical bootstrap analytical bootstrap

DGP UC  BC uc  BC uc  BC uc  BC ucC BC UC BC

3 0.000 0.000 0.000 0.000 0.002 0.398 0.002 0.876 0.000 0.160 0.000 0.464
0.000 0.000 0.000 0.000 0.020 0.380 0.042 0.928 0.000 0.172 0.000 0.812

Notes: See notes to Tables 1 and 2. The analytical coverage is based on an estimate of the asymptotic variance
matriz. The bootstrap is clustered at the individual level, computed using 100 bootstrap simulations. Coverage

probabilities for a nominal level of 95%. Results of 500 simulations.
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Table S2: Estimated K, unconditional rule

A. Probit with fixed effects

K Two-step Tterated

DGP full half ucC BC ucC BC
11.8 (0.41) 8.45 (0.50) 0.985 (0.019) 1.002 (0.019) 1.087 (0.021) 0.999 (0.021)
2 20.31 (0.69) 12.48 (0.50) 0.940 (0.018) 0.970 (0.024) 1.088 (0.022) 0.998 (0.022)

Conditional Methods
Linear Cubic Neural network

DGP ucC BC ucC BC ucC BC

1 1.043 (0.019) 1.002 (0.021) 1.059 (0.020) 1.014 (0.022) 1.079 (0.020) 1.027 (0.024)

2 1.001 (0.020) 0.971 (0.024) 1.017 (0.021) 0.991 (0.026) 1.035 (0.023) 1.016 (0.029)

B. Probit with time-varying heterogeneity

K Two-step Tterated
DGP full half ucC BC ucC BC

1 11.92 (0.38) 12.0 (0.4),8.0 (0.2) 1.015 (0.021) 1.028 (0.025) 1.319 (0.039) 1.093 (0.070)
2 21.69 (0.78) 20.5 (0.7), 11.1 (0.4) 0.889 (0.023) 0.935 (0.037) 1.278 (0.044) 1.196 (0.080)

Conditional Methods

Linear Cubic Neural network
DGP UcC BC UucC BC UucC BC

1 1.110 (0.023) 1.027 (0.032) 1.186 (0.027) 1.087 (0.040) 1.195 (0.029) 1.143 (0.045)
2 1.041 (0.028) 1.056 (0.046) 1.096 (0.035) 1.098 (0.060) 1.085 (0.035) 1.144 (0.062)

Notes: See notes to Tables 1 and 2. We estimate K using (4), with v = 1.
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Table S3: Estimated K, conditional rule

A. Probit with fixed effects

K Two-step [terated

DGP full half ucC BC ucC BC
1 4.98 (0.13) 4.00 (0.00)  0.999 (0.018) 1.013 (0.019) 1.094 (0.021) 1.008 (0.022)
2 5.90 (0.30) 5.00 (0.06)  0.744 (0.034) 0.774 (0.066) 1.070 (0.022) 1.001 (0.025)
3 5.00 (0.00) 4.83 (0.38)  0.757 (0.021) 0.763 (0.028) 1.078 (0.026) 0.969 (0.033)
4 4.02 (0.15) 4.00 (0.00)  0.749 (0.022) 0.754 (0.028) 1.069 (0.029) 0.949 (0.038)

Conditional Methods
Linear Cubic Neural network

DGP UC BC ucC BC ucC BC
1 1.041 (0.019) 0.999 (0.020) 1.066 (0.020) 1.011 (0.022) 1.080 (0.021) 1.030 (0.024)
2 0.944 (0.019) 0.910 (0.024) 1.005 (0.020) 0.980 (0.025) 1.021 (0.022) 1.003 (0.028)
3 0.923 (0.023) 0.903 (0.035) 0.924 (0.026) 0.923 (0.040) 1.004 (0.027) 0.992 (0.044)
4 0.894 (0.024) 0.875 (0.038) 0.893 (0.026) 0.897 (0.041) 0.996 (0.034) 0.982 (0.059)

Notes: See notes to Table 1. We implement the choice of K described in Appendixz B.2, based on a linear

conditional kmeans specification, and Kyax = 30.
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Table S4: Estimated K, conditional rule (cont.)

B. Probit with time-varying heterogeneity

K Two-step Iterated
DGP full half ucC BC ucC BC
1 5.04 (0.19) 4.5 (0.5), 4.0 (0.1) 1.029 (0.019) 1.020 (0.025) 1.191 (0.031) 1.119 (0.055)
2 7.25 (0.51) 6.0 (0.4), 5.0 (0.1) 0.631 (0.044) 0.692 (0.086) 1.082 (0.038) 1.159 (0.070)
3 5.05 (0.21) 5.0 (0.1), 4.0 (0.2) 0.562 (0.027) 0.547 (0.039) 1.082 (0.040) 1.060 (0.062)
4 4.17 (0.38) 4.3 (0.5), 3.1 (0.3) 0.559 (0.025) 0.542 (0.035) 1.046 (0.042) 1.026 (0.070)
Conditional Methods
Linear Cubic Neural network
DGP ucC BC ucC BC ucC BC
1 1.065 (0.020) 1.012 (0.0269) 1.125 (0.022) 1.079 (0.034) 1.136 (0.027) 1.092 (0.046)
2 0.906 (0.028) 0.922 (0.046) 0.955 (0.031) 0.956 (0.057) 0.979 (0.035) 1.020 (0.063)
3 0.845 (0.035) 0.851 (0.064) 0.760 (0.045) 0.771 (0.080) 0.948 (0.041) 0.994 (0.083)
4 0.802 (0.032) 0.834 (0.056) 0.753 (0.037) 0.782 (0.066) 0.923 (0.054) 0.981 (0.104)
C. Probit with random coefficients
K Two-step Iterated
DGP full half ucC BC ucC BC
3 5.08 (0.28) 4.86 (0.40) 0.690 (0.023) 0.699 (0.028) 1.035 (0.025) 0.949 (0.037)
4 4.31 (0.46) 4.11 (0.32) 0.594 (0.029) 0.602 (0.034) 0.976 (0.034) 0.917 (0.058)
Conditional Methods
Linear Cubic Neural network
DGP ucC BC ucC BC ucC BC

3 0.879 (0.028)  0.864 (0.038)  0.909 (0.026 0.889 (0.039) 0.982 (0.025) 0.947 (0.040)
4 0765 (0.032)  0.756 (0.049)  0.798 (0.045) 0.805 (0.073) 0.923 (0.044) 0.893 (0.084)

Notes: See notes to Table 2. We implement the choice of K described in Appendix B.2, based on a linear

conditional kmeans specification, and Kyax = 30.
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Table S5: Starting values in kmeans

DGP 1
f starting values 1 5 10 50 100 500 1000
within 0.027  0.007 0.004 0.002 0.001 0.000 0.000
between 3.110  3.118  3.121  3.127  3.130 3.132 3.133
total 3.137  3.125  3.125 3.128 3.131 3.133 3.134

within (% total) 0.9% 02% 0.1% 0.0% 0.0% 0.0% 0.0%

DGP 2
f starting values 1 ) 10 50 100 500 1000
within 1.730  0.634 0.384 0.121 0.068 0.018 0.010
between 2815 3.192 3.387 3.568 3.589 3.603 3.606
total 4.522 3.814 3.761 3.681 3.650 3.614 3.609

within (% total) 38.3% 16.6% 10.2% 3.3% 1.9% 0.5% 0.3%

DGP 3
f starting values 1 bt 10 20 100 500 1000
within 0.894 0.675 0.581 0.354 0.281 0.148 0.112
between 2705  2.866 2959 3.185 3.271 3.450 3.486
total 3.585  3.529  3.529  3.529 3.543  3.589 3.590

within (% total) 24.9% 19.1% 16.5% 10.0% 7.9% 4.1% 3.1%

DGP 4
f starting values 1 5) 10 50 100 500 1000
within 1.023  0.847 0.781 0.621 0.549 0.395 0.338
between 3.553 3.618 3.689 3.853 3.909 4.090 4.158
total 4.560 4.449 4.455 4.460 4.445 4.473 4.485

within (% total) 22.4% 19.0% 17.5% 13.9% 12.3% 88% 7.5%

Notes: See notes to Table 1. Let n be a number of starting values. In each of the 500 simulated samples,
we compute 100 kmeans partitions starting at n randomly generated values and the resulting two-step GFE
estimators. We then report the total variance across samples and kmeans runs, as well as the between-sample

and within-sample variances. All variances are multiplied by 10000.
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Table S6: Computation Time (in seconds)

N 100 500 1000 5000 10000

Kmeans 0.11 0.12 0.16 0.66 1.51
Two-step GFE 0.12 0.15 0.21 1.11 2.71
Iterated GFE  0.28 0.58 0.94 7.07 20.1
Fixed-effects 0.02 0.16 0.50 11.7 93.5

Notes: Computation time for various estimators in the random coefficients probit model of DGP 3. See notes to
Table 2. We use sparse matriz computation to compute the fized-effects estimator, and we use parallel computing

for kmeans. Computations are performed on a 20 CPU core machine.

Table S7: Firms and workers, sample sizes

Firm size Number firms Number job movers

per firm
10 10000
20 5000 4
50 2000 10
100 1000 20
200 500 40

Notes: Sample sizes for different firm sizes, all DGP.
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Table S8: Firms and workers, different DGP

small Var(y) large Var(y)
1D 2D 1D 2D

Var(vy) 0.0017 0.0017 0.0204 0.0204
20%  2.0% 21.2% @ 21.2%

Var(n) 0.0758 0.0758 0.0660 0.0660
85.2%  85.2%  684%  68.4%

2Cov(1p,n) 0.0057 0.0057 0.0050 0.0050
12.8% 12.8% 10.4% 10.4%

Corr(i,n) 0.4963 0.4963 0.1373 0.1373
Var(e) 0.0341 0.0341 0.0341 0.0341

Corr(V,4) 1.0000 0.7130 1.0000 0.2540

Notes: The four columns show the parameter values and overall shares of variance in DGP 1, DGP

4, DGP 2, and DGP 3, respectively.
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Table S9: Estimates of firm and worker heterogeneity across simulations

Firm size  Var(n,) Var (z/fj) Cov (n;, wj) Corr (n;, w]-) Var (g;1) K

true values

- 0.0758 0.0017 0.0057 0.4963 0.0341
two-step estimator

10 0.0775 0.0011 0.0048 0.5281 0.0348 3.0
[0.076,0.079]  [0.001,0.001]  [0.005,0.005] [0.519,0.537)  [0.034,0.035]  [3,3]

20 0.0769 0.0013 0.0051 0.5091 0.0345 4.0
[0.076,0.078]  [0.001,0.002]  [0.005,0.005] [0.500,0.518]  [0.034,0.035]  [4,4]

50 0.0764 0.0015 0.0054 0.4986 0.0343 6.0
[0.075,0.078]  [0.001,0.002]  [0.005,0.006] [0.490,0.507]  [0.034,0.085]  [6,6]

100 0.0761 0.0016 0.0055 0.4955 0.0342 8.4
[0.075,0.077]  [0.001,0.002]  [0.005,0.006] [0.487,0.504]  [0.034,0.035]  [8,9)]

200 0.0760 0.0017 0.0056 0.4930 0.0342 11.3
[0.075,0.077]  [0.001,0.002]  [0.005,0.006] [0.483,0.503]  [0.034,0.035] [11,12]

two-step estimator, bias-corrected

10 0.0778 0.0013 0.0047 0.4511 0.0346
[0.076,0.079]  [0.001,0.002]  [0.004,0.005] [0.439,0.463]  [0.034,0.035]
20 0.0763 0.0016 0.0055 0.4902 0.0343
[0.075,0.078]  [0.001,0.002]  [0.005,0.006] [0.479,0.501]  [0.034,0.035]
50 0.0762 0.0017 0.0055 0.4876 0.0342
[0.075,0.078]  [0.001,0.002]  [0.005,0.006] [0.476,0.499]  [0.034,0.035]
100 0.0759 0.0017 0.0056 0.4923 0.0341
[0.075,0.077]  [0.002,0.002]  [0.005,0.006] [0.481,0.502]  [0.034,0.035]
200 0.0759 0.0017 0.0056 0.4909 0.0341
[0.074,0.077]  [0.002,0.002]  [0.005,0.006] [0.480,0.503]  [0.033,0.035]

fixed-effects estimator

10 0.1342 0.0342 -0.0267 -0.3949 0.0173
[0.132,0.136]  [0.033,0.036]  [-0.028,-0.025]  [-0.409,-0.382]  [0.017,0.018]

20 0.1002 0.0130 -0.0056 -0.1548 0.0256
[0.099,0.102]  [0.012,0.014]  [-0.006,-0.005]  [-0.169,-0.130]  [0.025,0.026]

50 0.0848 0.0055 0.0019 0.0895 0.0307
[0.083,0.086]  [0.005,0.006]  [0.002,0.002] [0.072,0.107]  [0.030,0.031]

100 0.0802 0.0035 0.0039 0.2311 0.0324
[0.079,0.082]  [0.003,0.004]  [0.004,0.004] [0.212,0.250]  [0.032,0.033]

200 0.0780 0.0026 0.0048 0.3359 0.0333
[0.077,0.079]  [0.002,0.008]  [0.004,0.005] [0.319,0.352]  [0.033,0.034]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is continuously distributed in

the DGP. The number of groups K is estimated in every replication, using (4) with v = 1, and it is

reported in the last column of the first panel. We use the kmeans routine from R, with 100 starting

values. 500 simulations.
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Table S10: Estimates of firm and worker heterogeneity across simulations, one-dimensional firm

heterogeneity, large variance of firm effects

Firm size

10
20
50
100

200

10
20
20
100

200

10

20

50
100

200

Var (n,)  Var (v;) Cov (n;,v;) Corr (n;,v,;) Var(ea) K
true values
0.0660 0.0204 0.0050 0.1373 0.0341
two-step estimator

0.0605 0.0124 0.0078 0.2868 0.0422 3.0
[0.059,0.062]  [0.012,0.013]  [0.008,0.008] [0.275,0.300]  [0.041,0.043]  [3,3]

0.0626 0.0155 0.0068 0.2178 0.0392 4.0
[0.061,0.064]  [0.015,0.016]  [0.006,0.007] [0.205,0.230]  [0.038,0.040]  [4,4]

0.0645 0.0180 0.0058 0.1714 0.0365 6.0
[0.063,0.066]  [0.017,0.019]  [0.005,0.006] [0.158,0.183]  [0.036,0.037]  [6,6]

0.0653 0.0191 0.0054 0.1542 0.0354 8.0
[0.064,0.066]  [0.018,0.020]  [0.005,0.006] [0.141,0.166]  [0.035,0.036]  [8,8]

0.0657 0.0198 0.0052 0.1448 0.0348 10.9
[0.065,0.067]  [0.019,0.021]  [0.005,0.006] [0.132,0.157]  [0.034,0.035]  [10,12]

two-step estimator, bias-corrected

0.0650 0.0149 0.0056 0.1445 0.0397
[0.064,0.066]  [0.014,0.016]  [0.005,0.006] [0.127,0.163]  [0.039,0.041]

0.0647 0.0185 0.0057 0.1499 0.0361
[0.063,0.066]  [0.018,0.019]  [0.005,0.006] [0.133,0.167]  [0.035,0.037]

0.0656 0.0202 0.0053 0.1416 0.0344
[0.064,0.067]  [0.019,0.021]  [0.005,0.006] [0.126,0.155]  [0.034,0.035]

0.0661 0.0202 0.0050 0.1371 0.0344
[0.065,0.067]  [0.019,0.021]  [0.005,0.005] [0.122,0.150]  [0.034,0.035]

0.0661 0.0204 0.0050 0.1361 0.0342

[0.065,0.067]

[0.020,0.021]

[0.005,0.005]

[0.123,0.149]

fixed-effects estimator

[0.033,0.035]

0.1252
[0.123,0.127]

0.0908
[0.090,0.092]
0.0752
[0.074,0.076]
0.0705

[0.069,0.072]

0.0683
[0.067,0.069]

0.0528
[0.051,0.055]

0.0318
[0.031,0.033]
0.0242
[0.023,0.025]
0.0222

[0.021,0.023]

0.0213
[0.021,0.022]

-0.0273

[-0.029,-0.026]

-0.0063

[-0.007,-0.006]

0.0013
[0.001,0.002]

0.0033

[0.003,0.004]

0.0041
[0.004,0.005]

-0.3357

[-0.346,-0.324]

-0.1165

[-0.127,-0.105]

0.0301
[0.019,0.041]

0.0827
[0.071,0.095]

0.1085
[0.096,0.120]

0.0173
[0.017,0.018]

0.0256
[0.025,0.026]
0.0307
[0.030,0.031]
0.0324

[0.032,0.033]

0.0333
[0.033,0.034]

Notes: See notes to Table S9. Results for DGP 2.
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Table S11: Bias-corrected fixed-effects estimators, one-dimensional firm heterogeneity

Firm size  Var(n,) Var (%) Cov (n;, wj) Corr (n;, wj) Var (g;1)
one-dimensional, small firm effect
- 0.0758 0.0017 0.0057 0.4963 0.0341
fixed-effects, bias-corrected

10 0.0065 -0.0717 0.0791 -0.0976 0.0300
[-0.004,0.016]  [-0.082,-0.064]  [0.071,0.089) [-0.125,-0.072]  [0.029,0.031]

20 0.0645 -0.0098 0.0172 0.0973 0.0339
[0.062,0.067]  [-0.011,-0.008]  [0.016,0.019] 0.073,0.125]  [0.033,0.035]

50 0.0733 -0.0007 0.0082 0.3069 0.0341
[0.072,0.075]  [-0.001,-0.000]  [0.008,0.009] 0.279,0.335]  [0.033,0.035]

100 0.0748 0.0007 0.0067 0.4173 0.0341
[0.073,0.076]  [0.000,0.001]  [0.006,0.007] 0.388,0.447]  [0.033,0.035]

200 0.0753 0.0012 0.0062 0.4822 0.0341
[0.074,0.077]  [0.001,0.002]  [0.006,0.007] [0.451,0.512]  [0.033,0.035]

one-dimensional, large firm effect
- 0.0660 0.0204 0.0050 0.1373 0.0341
fixed-effects, bias-corrected

10 -0.0036 -0.0533 0.0788 -0.0077 0.0301
[-0.013,0.006]  [-0.062,-0.045]  [0.070,0.088] [-0.034,0.019]  [0.029,0.031]

20 0.0547 0.0089 0.0166 0.1163 0.0339
[0.053,0.057]  [0.007,0.011]  [0.015,0.018] [0.096,0.137]  [0.033,0.035]

50 0.0636 0.0180 0.0075 0.1561 0.0341
[0.062,0.065]  [0.017,0.019]  [0.007,0.008] [0.139,0.173]  [0.033,0.035]

100 0.0650 0.0194 0.0061 0.1554 0.0341
[0.064,0.066]  [0.019,0.020]  [0.006,0.007] [0.139,0.171]  [0.033,0.035]

200 0.0656 0.0199 0.0055 0.1487 0.0341

[0.064,0.067]

[0.019,0.021]

[0.005,0.006]

[0.133,0.164]

[0.033,0.035]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is continuously distributed in
the DGP. Bias correction is based on splitting both job movers and job stayers into two sub-samples.
The top panel shows the results on DGP 1, with a small variance of firm effects, while the bottom

panel shows the results for DGP 2, with a larger variance of firm effects. 500 simulations.
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Table S12: Firm and worker effects, two-dimensional firm heterogeneity, large Var (1)), different choices of

two-step estimator

two-step estimator, bias corrected

Firmsize  Var(n,)  Var(¢;) Cov (n,,¢;) Corr (n;,v;) Var(e;) K Var(n;)  Var (¢;)  Cov (n,¢;) Corr (n;,1;) Var(en) K
true values true values
- 0.0660 0.0204 0.0050 0.1373 0.0341 0.0660 0.0204 0.0050 0.1373 0.0341
=10 Y=1.0
10 0.0513 0.0098 0.0124 0.5500 0.0448 4.0 0.0529 0.0112 0.0115 0.4574 0.0434 42
[0.050,0.053]  [0.009,0.010]  [0.012,0.013] [0.539,0.563)  [0.044,0.045]  [4,4] [0.050,0.055)  [0.010,0.012]  [0.011,0.012] [0.437,0.486)  [0.042,0.014]  [a,5]
20 0.0515 00112 00124 05180 0.0433 57 0.0514 00126 00125 04856 0.0420 7.4
[0.049,0.053]  [0.010,0.012]  [0.012,0.013] [0.498,0.536)  [0.042,0.044]  [5,6] [0.049,0.053]  [0.011,0.014]  [0.012,0.013] [0.454,0500]  [0.041,0.043]  [6,8]
50 0.0514 0.0123 0.0124 0.4939 0.0423 8.9 0.0513 0.0131 0.0125 0.4797 0.0415 11.8
[0.049,0.054]  [0.012,0.013]  [0.012,0.013] lo.arr,0512)  [0.041,0.043]  [8,9] [0.049,0.054]  [0.012,0.014]  [0.012,0.013] [0.451,0.505]  [0.041,0.043]  [10,12]
100 00519 00128 0.0124 04796 0.0416  13.3 0.0520 00133 00123 04664 0.0411  17.9
[0.049,0.054]  [0.012,0.014]  [0.012,0.013] [0.453,0.508]  [0.041,0.0438]  [13,14] [0.049,0.055)  [0.013,0.014]  [0.011,0.013] [0.436,0.496]  [0.040,0.042]  [17,20]
200 0.0548 0.0147 0.0104 0.3683 0.0399 214 0.0579 0.0165 0.0089 0.2713 0.0381 30.1
[0.051,0.058]  [0.014,0.006]  [0.009,0.012] [0.303,0.426)  [0.039,0.041]  [20,23] [0.053,0.062)  [0.015,0.018]  [0.006,0.011] [0.168,0.374)  [0.037,0.010)  [28,33]
=05 4 =05
10 0.0498  0.0110 00134 05730 0.0435 128 0.038 00126 00123 05385 0.0419 140
[0.048,0.053]  [0.010,0.012]  [0.013,0.014] [0.555,0.580)  [0.043,0.044]  [12,13] [0.031,0.046]  [0.012,0.018]  [0.012,0.013] [0.494,0578]  [0.041,0.043]  [12,15]
20 0.0510 0.0123 0.0125 0.4997 0.0423 16.1 0.0520 0.0136 0.0116 0.4297 0.0410 19.7
[0.049,0.052]  [0.012,0.013]  [0.012,0.013] [0.482,0500]  [0.041,0.043]  [16,17] [0.049,0.054]  [0.013,0.014]  [0.011,0.012] [0.402,0.460]  [0.040,0.02]  [19,22]
50 0.0536 0.0140 0.0113 0.4134 0.0407 26.0 0.0556 0.0152 0.0104 0.3484 0.0394 34.4
[0.052,0.056]  [0.013,0.005]  [0.011,0.012] [0.380,0437)  [0.040,0.042]  [24,28] [0.053,0.058]  [0.015,0.006]  [0.010,0.011] [0.812,0.378]  [0.039,0.040]  [30,38]
100 0.0563 0.0153 0.0099 0.3371 0.0392 38.8 0.0589 0.0168 0.0086 0.2635 0.0377 52.9
[0.053,0.050]  [0.014,0.006]  [0.009,0.011] [0.300,0.376)  [0.038,0.040]  [36,41] [0.056,0.062)  [0.016,0.018]  [0.007,0.010] [0.205,0.814]  [0.036,0.030]  [48,57]
200 0.0596 0.0171 0.0085 0.2662 0.0375 53.2 0.0626 0.0187 0.0070 0.1948 0.0359 71.8
[0.056,0.063]  [0.016,0.018]  [0.007,0.010] [0.214,0314]  [0.037,0.03]  [49,57] [0.058,0.067)  [0.018,0.020]  [0.005,0.009] [0.120,0.247)  [0.035,0.037]  [65,78]
v =0.25 v =0.25
10 00595 00119 0.0132 0.4988 0.0428 1256 0.0504 00136 00117 0.4379 0.0411 1526
[0.058,0.062]  [0.011,0.013]  [0.013,0.014] lo.477,0514]  [0.042,0.043]  [121,130] [0.047,0.054]  [0.013,0.014]  [0.011,0.012] [0.400,0.465]  [0.040,0.042]  [145,160]
20 0.0567 0.0134 0.0119 0.4318 0.0412 138.3 0.0536 0.0149 0.0106 0.3677 0.0397 163.7
[0.055,0.058]  [0.013,0.014]  [0.011,0.012] [0.400,0447)  [0.040,0.042] [132,143] [0.051,0.057)  [0.014,0.006]  [0.010,0.011] [0.335,0.304]  [0.039,0.040] [153,172]
50 0.0574 0.0155 0.0099 0.3316 0.0391 154.0 0.0582 0.0170 0.0085 0.2622 0.0376 190.1
[0.055,0.059]  [0.015,0.006]  [0.009,0.011] [0.300,0.357)  [0.038,0.040]  [146,163] [0.055,0.061)  [0.016,0.018]  [0.007,0.009] [0.217,0301]  [0.037,0.030] [177,204]
10000601 00171 0.0083 02598 0.0374 1511 0.0624  0.0186  0.0069 01932 0.0359  186.1
[0.057,0.063]  [0.016,0.018]  [0.007,0.010] [0.222,0.308]  [0.037,0.038] [142,163] [0.059,0.066]  [0.018,0.019]  [0.006,0.008] [0.151,0.240)  [0.035,0.037]  [172,202]
200 0.0626 0.0186 0.0069 0.2027 0.0361 133.7 0.0649 0.0199 0.0056 0.1512 0.0348 162.3
[0.058,0.066]  [0.018,0.020]  [0.005,0.009] [0156,0.251)  [0.035,0.087]  [127,141] [0.060,0.069)  [0.019,0.021]  [0.004,0.007] [0.095,0.205)  [0.034,0.086]  [151,176]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is continuously distributed in the DG P, with underlying dimension
equal to 2. The number of groups K is estimated in every replication, with different choices for ~ in (4). 500 simulations. Results for

DGP 3.
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Table S13: Firm and worker effects, two-dimensional firm heterogeneity, small Var(v), different choices of

two-step estimator

two-step estimator, bias corrected

Firmsize  Var(n,)  Var(¢;) Cov (n,,¢;) Corr (n;,v;) Var(e;) K Var(n;)  Var (¢;)  Cov (n,¢;) Corr (n;,1;) Var(en) K
true values true values
- 0.0758 0.0017 0.0057 0.4963 0.0341 0.0758 0.0017 0.0057 0.4963 0.0341
=10 Y=1.0
10 0.0759 0.0008 0.0056 0.7010 0.0350 4.0 0.0760 0.0009 0.0056 0.6487 0.0349 4.0
[0.074,0.078]  [0.001,0.001]  [0.005,0.006] [0.691,0.700)  [0.034,0.086]  [4,4] [0.074,0.078]  [0.001,0.001]  [0.005,0.006] [0.636,0.660)  [0.034,0.086]  [4,4]
20 0.0754 0.0009 0.0059 0.6927 0.0349 5.5 0.0749 0.0011 0.0061 0.6846 0.0348 6.9
[0.073,0.077]  [0.001,0.001]  [0.005,0.006] [0.680,0.707)  [0.034,0.03]  [5,6] [0.073,0.077]  [0.001,0.001]  [0.006,0.007] [0.666,0.705]  [0.034,0.035]  [6,8]
50 0.0750 0.0011 0.0061 0.6877 0.0348 8.0 0.0747 0.0011 0.0062 0.6841 0.0347 10.0
[0.073,0.078]  [0.001,0.001]  [0.006,0.007] lo.674,0.701)  [0.034,0.085]  [8,8] [0.072,0.078]  [0.001,0.001]  [0.006,0.007] [0.669,0.701]  [0.034,0.035)  [10,10]
100 0.0752 0.0011 0.0062 0.6848 0.0347 11.1 0.0750 0.0011 0.0063 0.6816 0.0347 14.2
[0.072,0.079]  [0.001,0.001]  [0.006,0.007] [0.668,0.701)  [0.034,0.035]  [11,12] [0.072,0.078]  [0.001,0.001]  [0.006,0.007] [0.660,0.702]  [0.034,0.035]  [14,16]
200 0.0746 0.0011 0.0062 0.6765 0.0347 15.2 0.0745 0.0012 0.0062 0.6720 0.0347 19.3
[0.069,0.079]  [0.001,0.001]  [0.006,0.007] [0.654,0.607)  [0.034,0.085]  [14,16] [0.069,0.079)  [0.001,0.001]  [0.006,0.007] [0.647,0.604]  [0.034,0.085)  [17,21]
=05 4 =05
10 0.0748 0.0010 0.0062 0.7333 0.0349 12.2 0.0731 0.0011 0.0062 0.6905 0.0348 12.7
[0.073,0.076]  [0.001,0.001]  [0.006,0.007] [0.720,0.746]  [0.034,0.036]  [12,13] [0.070,0.076]  [0.001,0.001]  [0.006,0.007] [0.664,0.715]  [0.034,0.035]  [12,14]
20 0.0747 0.0010 0.0062 0.7076 0.0348 15.1 0.0746 0.0011 0.0063 0.6814 0.0347 18.0
[0.073,0.076]  [0.001,0.001]  [0.006,0.007] [0.696,0.717)  [0.034,0.085]  [15,16] [0.073,0.076]  [0.001,0.001]  [0.006,0.007] [0.664,0.695)  [0.034,0.085)  [18,20]
50 0.0744 0.0011 0.0062 0.6858 0.0347 21.6 0.0744 0.0012 0.0062 0.6717 0.0347 27.0
[0.072,0.077]  [0.001,0.001]  [0.006,0.007] [0.671,0.700]  [0.034,0.035]  [20,23] [0.072,0.077]  [0.001,0.001]  [0.006,0.007] [0.643,0.601]  [0.034,0.035]  [24,30]
100 0.0743 0.0011 0.0062 0.6709 0.0347 28.2 0.0743 0.0012 0.0062 0.6584 0.0347 35.7
[0.071,0.078]  [0.001,0.001]  [0.006,0.007] [0.649,0.690)  [0.034,0.085]  [26,31] [0.071,0.078]  [0.001,0.001]  [0.006,0.007] [0.626,0.684)  [0.034,0.035)  [32,40]
200 0.0751 0.0012 0.0062 0.6542 0.0347 35.0 0.0751 0.0012 0.0062 0.6409 0.0346 44.0
[0.071,0.079]  [0.001,0.001]  [0.006,0.007] [0.631,0.683]  [0.034,0.035]  [31,39] [0.071,0.080]  [0.001,0.001]  [0.006,0.007] [0.603,0.681]  [0.034,0.035]  [38,50]
4 =0.25 5 =0.25
10 0.0796 0.0012 0.0062 0.6355 0.0346 124.3 0.0699 0.0013 0.0061 0.6190 0.0345 148.7
[0.078,0.082]  [0.001,0.001]  [0.006,0.007] [0.605,0.657)  [0.034,0.085] [121,127] [0.066,0.073]  [0.001,0.002]  [0.006,0.007] [0.566,0.658)  [0.034,0.085]  [142,154]
20 0.0758 0.0013 0.0061 0.6242 0.0346 131.0 0.0721 0.0014 0.0060 0.6086 0.0345 150.3
[0.074,0.078]  [0.001,0.001]  [0.006,0.007] [0.602,0.643]  [0.034,0.035] [125,137] [0.070,0.074]  [0.001,0.002]  [0.006,0.006] [0.567,0.647)  [0.034,0.035]  [140,160]
50 0.0752 0.0014 0.0061 0.6020 0.0345 134.7 0.0749 0.0014 0.0060 0.5800 0.0344 159.0
[0.072,0.077]  [0.001,0.002]  [0.006,0.007] l0.572,0.624)  [0.034,0.085] [127,142] [0.072,0.077)  [0.001,0.002]  [0.006,0.006] [0.529,0.622)  [0.034,0.085] [146,171]
100 0.0752 0.0014 0.0061 0.5879 0.0345 125.1 0.0752 0.0015 0.0060 0.5651 0.0344 146.7
[0.072,0.078]  [0.001,0.002]  [0.006,0.006] [0.562,0.614]  [0.034,0.035] [116,132] [0.072,0.078]  [0.001,0.002]  [0.006,0.006] [0.516,0.611]  [0.034,0.035] [132,158]
200 0.0754 0.0014 0.0060 0.5781 0.0344 105.4 0.0755 0.0015 0.0060 0.5569 0.0344 121.7
[0.071,0.079]  [0.001,0.002]  [0.005,0.007] [0.545,0.606)  [0.034,0.035]  [99,113] [0.071,0.079]  [0.001,0.002]  [0.005,0.006] [0.498,0.604)  [0.034,0.085] [107,134]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is continuously distributed in the DG P, with underlying dimension
equal to 2. The number of groups K is estimated in every replication, with different choices for ~ in (4). 500 simulations. Results for

DGP J.



Table S14: Firm and worker effects, two-dimensional firm heterogeneity, large Var (1), different choices of 7, iterated estimators

iterated estimator iterated estimator, bias corrected

g9

Firmsize  Var(n,)  Var(¢;) Cov (n,,¢;) Corr (n;,v;) Var(e;) K Var(n;)  Var (¢;)  Cov (n,¢;) Corr (n;,1;) Var(en) K
true values true values
- 0.0660 0.0204 0.0050 0.1373 0.0341 0.0660 0.0204 0.0050 0.1373 0.0341
=10 Y=1.0
10 0.0661 0.0045 0.0050 0.2847 0.0501 4.0 0.0592 0.0079 0.0084 0.4058 0.0468 4.2
[0.063,0.073]  [0.002,0.006]  [0.001,0.006] [0115,0.320)  [0.049,0.053]  [4,4] [0.055,0.073]  [0.003,0.010]  [0.001,0.010] [0.085,0482)  [0.045,0.052]  [4,5]
20 0.0632 0.0080 0.0066 0.2928 0.0466 5.7 0.0592 0.0117 0.0085 0.3192 0.0429 7.4
[0.061,0.065]  [0.007,0.009]  [0.006,0.007] [0.265,0.319)  [0.046,0.048]  [5,6] [0.055,0.063]  [0.010,0.014]  [0.007,0.011] [0.257,0421]  [0.040,0.045]  [6,8]
50 0.0608 0.0127 0.0077 0.2785 0.0420 8.9 0.0589 0.0163 0.0086 0.2702 0.0383 11.8
[0.058,0.064]  [0.012,0.013]  [0.007,0.009] lo251,0812)  [0.041,0.043]  [8,9] [0.056,0.062)  [0.015,0.017]  [0.007,0.010] [0.222,0.316)  [0.037,0.040)  [10,12]
100 0.0617 0.0152 0.0074 0.2424 0.0392 13.3 0.0624 0.0179 0.0071 0.2044 0.0366 17.9
[0.059,0.065]  [0.014,0.006]  [0.006,0.009] [0.207,0.286]  [0.038,0.040]  [13,14] [0.059,0.065)  [0.017,0.019]  [0.006,0.009] [0.158,0.256]  [0.036,0.038]  [17,20]
200 0.0628 0.0174 0.0064 0.1932 0.0371 21.4 0.0642 0.0196 0.0057 0.1552 0.0350 30.1
[0.059,0.066] ~ [0.017,0.018]  [0.004,0.008] [0139,0.242)  [0.036,0.088]  [20,23] [0.061,0.068)  [0.018,0.021]  [0.004,0.008] [0.098,0.210)  [0.034,0.036]  [28,33]
=05 4 =05
10 0.0549 0.0093 0.0106 0.4708 0.0452 12.8 0.0473 0.0141 0.0144 0.5393 0.0404 14.0
[0.053,0.057]  [0.009,0.000]  [0.010,0.011] [0.451,0480)  [0.044,0.046]  [12,13] [0.038,0.053]  [0.012,0.007)  [0.012,0.018] [0.433,0.684]  [0.037,0.042]  [12,15]
20 0.0555 0.0117 0.0102 0.4027 0.0429 16.1 0.0560 0.0141 0.0100 0.3396 0.0405 19.7
[0.054,0.057]  [o.011,0.012]  [0.010,0.011] [0.385,0.424)  [0.042,0.044]  [16,17] [0.054,0.058]  [0.013,0.015]  [0.009,0.011] [0.311,0875)  [0.039,0.041)  [19,22]
50 0.0579 0.0148 0.0092 0.3135 0.0399 26.0 0.0599 0.0170 0.0082 0.2436 0.0376 34.4
[0.055,0.060]  [0.014,0.015]  [0.008,0.010] [0.288,0.340)  [0.039,0.041]  [24,28] [0.057,0.062]  [0.016,0.018]  [0.007,0.009] [0.210,0.287)  [0.037,0.03]  [30,38]
100 0.0605 0.0167 0.0077 0.2437 0.0378 38.8 0.0630 0.0188 0.0065 0.1780 0.0358 52.9
[0.057,0.063]  [0.016,0.018]  [0.006,0.009] [0.206,0.281)  [0.037,0.039]  [36,41] [0.060,0.066) ~ [0.018,0.020]  [0.005,0.008] [0.185,0221]  [0.035,0.087)  [48,57]
200 00631 00185 0.0067 01976 0.0362 532 0.0653 00200 0.0056 01505  0.0316 718
[0.059,0.067]  [0.018,0.009]  [0.005,0.008] [0.147,0.248]  [0.036,0.037]  [49,57] [0.061,0.069]  [0.019,0.021]  [0.004,0.008] [0.097,0.200]  [0.034,0.035]  [65,78]
4 =0.25 5 =0.25
10 0.0653 0.0118 0.0129 0.4641 0.0428 125.6 0.0391 0.0141 0.0121 0.4642 0.0405 152.6
[0.063,0.068]  [0.011,0.012]  [0.012,0.013] [0.443,0481)  [0.042,0.044]  [121,130] [0.034,0.045]  [0.013,0.015)  [0.011,0.013] [0.432,0.494]  [0.040,0.041] [145,160]
20 0.0574 0.0137 0.0114 0.4078 0.0409 138.3 0.0496 0.0155 0.0100 0.3537 0.0391 163.7
[0.056,0.060]  [0.013,0.014]  [0.011,0.012] [0.391,0.425)  [0.040,0.042] [132,143] [0.047,0.053]  [0.015,0.006]  [0.009,0.011] [0.326,0.380]  [0.038,0.040] [153,172]
50 0.0583  0.0162  0.0090 0.2039 0.0384 1540 0.0599  0.0180 0.0073 02117 0.0365  190.1
[0.056,0.060]  [0.016,0.007]  [0.008,0.010] [0.262,0.321)  [0.037,0.039] [146,163] [0.057,0.063]  [0.017,0.019]  [0.006,0.008] [0.174,0.245)  [0.036,0.087]  [177,204]
100 00618 00179 0.0074 02222 0.0366 1511 0.0646  0.0195 00058 01549  0.0350  186.1
[0.059,0.065]  [0.017,0.009]  [0.006,0.009] [0.186,0.270]  [0.036,0.037]  [142,163] [0.062,0.068]  [0.019,0.020]  [0.004,0.008] [0.115,0.205]  [0.034,0.036] [172,202]
200 0.0642 0.0193 0.0061 0.1734 0.0354 133.7 0.0663 0.0205 0.0050 0.1306 0.0342 162.3
[0.060,0.068]  [0.018,0.020]  [0.004,0.008] l0127,0.225)  [0.035,0.086] [127,141] [0.062,0.070)  [0.020,0.022]  [0.003,0.007] [o.082,0.186)  [0.033,0.085]  [151,176]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is continuously distributed in the DG P, with underlying dimension
equal to 2. The number of groups K is estimated in every replication, with different choices for ~ in (4). 500 simulations. Results for

DGP 3.
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Table S15: Firm and worker effects, two-dimensional firm heterogeneity, small Var(v)), different choices of +, iterated estimators

iterated estimator

iterated estimator, bias corrected

Firm size  Var(n,)  Var(y;) Cov (n;,¢;) Corr (n;,4;) Var(en) K Var(n;)  Var (¢;)  Cov (n;,4;) Corr (n;,v;) Var (1) K
true values true values
- 0.0758 0.0017 0.0057 0.4963 0.0341 0.0758 0.0017 0.0057 0.4963 0.0341
=10 1=10
10 0.0866 0.0000 0.0003 0.1290 0.0358 4.0 0.0867 0.0000 0.0002 0.1169 0.0358 4.0
[0.085,0.088]  [0.000,0.000]  [0.000,0.000] [0.108,0.150)  [0.035,0.036]  [4,4] [0.085,0.089]  [-0.000,0.000]  [0.000,0.000] [0.075,0.158)  [0.035,0.036]  [4,4]
20 0.0845 0.0002 0.0013 0.2921 0.0356 5.5 0.0823 0.0004 0.0024 0.4556 0.0354 6.9
[0.081,0.087]  [0.000,0.000]  [0.000,0.002] [0.149,0.420)  [0.035,0.036]  [5,6] [0.078,0.087]  [0.000,0.001]  [0.000,0.005] [0174,0700)  [0.035,0.036]  [6,8]
50 0.0791 0.0007 0.0041 0.5444 0.0352 8.0 0.0761 0.0010 0.0056 0.6584 0.0349 10.0
[0.077,0.082]  [0.001,0.001]  [0.004,0.005] [0.516,0.573]  [0.035,0036]  [8,8] [0.073,0.079]  [0.001,0.001]  [0.005,0.006] [0.609,0.700]  [0.034,0.036]  [10,10]
100 0.0775 0.0009 0.0050 0.6035 0.0349 11.1 0.0756 0.0011 0.0060 0.6600 0.0347 14.2
[0.074,0.081]  [0.001,0.001]  [0.004,0.006] l0.583,0.627)  [0.034,0.036]  [11,12] [0.072,0.079]  [0.001,0.001)  [0.005,0.007] [0.626,0.604]  [0.034,0.035]  [14,16]
200 0.0759 0.0011 0.0055 0.6174 0.0348 15.2 0.0750 0.0012 0.0060 0.6345 0.0347 19.3
[0.071,0.080]  [0.001,0.001]  [0.005,0.006] [0.589,0.648]  [0.034,0.035]  [14,16] [0.070,0.079]  [0.001,0.001]  [0.005,0.007] [0.503,0.674]  [0.034,0.035]  [17,21]
7 =05 y=05
10 0.0799 0.0006 0.0037 0.5408 0.0353 12.2 0.0777 0.0008 0.0047 0.6157 0.0351 12.7
[0.078,0.082]  [0.000,0.001]  [0.003,0.004] [0.520,0.550]  [0.085,0.036]  [12,13] [0.075,0.080]  [0.001,0.001]  [0.004,0.006] [0.536,0751]  [0.034,0.036]  [12,14]
20 0.0780 0.0008 0.0046 0.5940 0.0351 15.1 0.0760 0.0010 0.0056 0.6482 0.0349 18.0
[0.076,0.080]  [0.001,0.001]  [0.004,0.005] l0.578,0.613]  [0.034,0036]  [15,16] [0.074,0.078]  [0.001,0.001]  [0.005,0.006] [0.619,0.676)  [0.034,0.035]  [18,20]
50 0.0760 0.0010 0.0054 0.6299 0.0349 21.6 0.0748 0.0011 0.0060 0.6568 0.0347 27.0
[0.073,0.079]  [0.001,0.001]  [0.005,0.006] [0.613,0.650]  [0.034,0.036]  [20,23] [0.072,0.077]  [0.001,0.001)  [0.005,0.007] [0.630,0.685)  [0.034,0.035]  [24,30]
100 0.0753 0.0011 0.0057 0.6364 0.0348 28.2 0.0746 0.0012 0.0061 0.6457 0.0347 35.7
[0.072,0.070]  [0.001,0.001]  [0.005,0.006] [0.612,0.660]  [0.034,0.035]  [26,31] [0.071,0.078]  [0.001,0.001]  [0.006,0.007] [0.607,0.674]  [0.034,0.035]  [32,40]
200 0.0756 0.0012 0.0059 0.6231 0.0347 35.0 0.0753 0.0013 0.0061 0.6137 0.0346 44.0
[0.071,0.080]  [0.001,0.001]  [0.005,0.007] [0.594,0.656]  [0.034,0035]  [31,30] [0.071,0.080]  [0.001,0.002]  [0.006,0.007] [0.569,0.657)  [0.034,0.035]  [38,50]
y=0.25 y=0.25
10 0.0781 0.0011 0.0059 0.6217 0.0347 124.3 0.0650 0.0014 0.0063 0.6481 0.0345 148.7
[0.076,0.080]  [0.001,0.001]  [0.005,0.006] [0.602,0.642]  [0.034,0.085] [121,127] [0.057,0.072]  [0.001,0.002]  [0.006,0.007] [0.602,0.692]  [0.034,0.035] [142,154]
20 0.0755 0.0012 0.0059 0.6122 0.0346 131.0 0.0731 0.0014 0.0060 0.5983 0.0345 150.3
[0.074,0.077]  [0.001,0.001]  [0.006,0.006] [0.586,0.635]  [0.034,0.035]  [125,137] [0.071,0.075]  [0.001,0.002)  [0.006,0.006] [0.556,0.641)  [0.034,0.035]  [140,160]
50 0.0754 0.0013 0.0060 0.5928 0.0345 134.7 0.0752 0.0014 0.0059 0.5713 0.0344 159.0
[0.073,0.078]  [0.001,0.002]  [0.005,0.006] [0.568,0.619]  [0.034,0.035]  [127,142] [0.073,0.078]  [0.001,0.002]  [0.005,0.007] [0.529,0.619)  [0.034,0.035]  [146,171]
100 0.0754 0.0014 0.0060 0.5806 0.0345 125.1 0.0753 0.0015 0.0060 0.5597 0.0344 146.7
[0.072,0.078]  [0.001,0.002]  [0.006,0.006] [0.547,0.600]  [0.034,0.085] [116,132] [0.072,0.078]  [0.001,0.002]  [0.006,0.006] [0.503,0.600]  [0.034,0.035] [132,158]
200 0.0755 0.0014 0.0060 0.5704 0.0344 105.4 0.0756 0.0015 0.0059 0.5499 0.0343 121.7
[0.071,0.080]  [0.001,0.002]  [0.005,0.006] l0.532,0.602)  [0.034,0.035]  [09,113] [0.071,0.080]  [0.001,0.002)  [0.005,0.007] [0.490,0.604)  [0.034,0.035]  [107,134]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is continuously distributed in the DGP, with underlying dimension
equal to 2. The number of groups K is estimated in every replication, with different choices for ~ in (4). 500 simulations. Results for

DGP /.



Table S16: Firm and worker effects, discrete firm heterogeneity (K*

— 10)

Firm size ~ Var(n;)  Var (v;) Cov (n;,v,;) Corr (n;, ;) Var(e;n) % misclass.
true values
- 0.0758 0.0017 0.0057 0.4963 0.0341
two-step with K = K* =10
10 0.0758 0.0013 0.0057 0.5770 0.0346 69.0%
[0.074,0.077]  [0.001,0.001]  [0.005,0.006] [0.566,0.586]  [0.034,0.085]  [0.678,0.705]
20 0.0758 0.0015 0.0057 0.5355 0.0344 58.5%
[0.074,0.077]  [0.001,0.002]  [0.005,0.006] [0.525,0.546]  [0.034,0.035]  [0.560,0.614]
50 0.0759 0.0016 0.0056 0.5083 0.0342 39.3%
[0.075,0.077]  [0.001,0.002]  [0.005,0.006] [0.499,0517]  [0.034,0.035]  [0.338,0.476]
100 0.0759 0.0017 0.0056 0.4981 0.0342 22.6%
[0.075,0.077]  [0.001,0.002]  [0.005,0.006] [0.489,0.507]  [0.033,0.035]  [0.171,0.359]
200 0.0759 0.0017 0.0056 0.4945 0.0341 7.5%
[0.074,0.077]  [0.002,0.002]  [0.005,0.006] [0.484,0.504]  [0.033,0.035]  [0.050,0.115]
bias corrected with estimated K
10 0.0778 0.0013 0.0047 0.4527 0.0346
[0.076,0.079]  [0.001,0.002]  [0.004,0.005] [0.441,0.465]  [0.034,0.035]
20 0.0762 0.0016 0.0055 0.4917 0.0342
[0.075,0.078]  [0.001,0.002]  [0.005,0.006] [0.478,0.502]  [0.034,0.035]
50 0.0760 0.0017 0.0056 0.4906 0.0342
[0.075,0.077]  [0.001,0.002]  [0.005,0.006] [0.478,0.503]  [0.033,0.035]
100 0.0759 0.0017 0.0057 0.4909 0.0341
[0.074,0.077]  [0.002,0.002]  [0.005,0.006] [0.480,0.501]  [0.033,0.035]
200 0.0757 0.0018 0.0057 0.4930 0.0341
[0.074,0.077]  [0.002,0.002]  [0.005,0.006] [0.483,0.503]  [0.033,0.035]

Notes: Means and 95% confidence intervals. Unobserved heterogeneity is discretely distributed in the
DGP, with K* = 10 groups. In the top panel the true number of groups is used. The last column
shows frequencies of misclassification. In the bottom panel the number of groups is estimated in every

replication. 500 simulations. Results for DGP 5.
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Figure S1: Estimates of the parameters governing the probabilities of being a mover type across

simulations

A. Homogeneous costs, GFE

Notes: See notes to Figures J and 5. a and b are the intercept and slope in the probability of being a

mover type.
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Figure S2: Parameter estimates across simulations, fixed K

‘ P (utility), K=2 ‘ ¢ (cost), K=2 ‘ a (stayer pr., intercept), K:Z‘ b (stayer pr., slope), K=2 ‘
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Notes: See note to Figure 4. K is kept fized, and we focus on the model with homogeneous mobility

costs. 500 replications.
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Figure S3: Estimates of firm and worker heterogeneity across simulations

all bias corrected
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Figure S4: Dimension of firm heterogeneity

A. Estimation of K B. K against firm size
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Notes: Source Swedish administrative data. Left graph shows the logarithm of @(K ) as a function of
K, for different average firm sizes S. Horizontal lines show the corresponding value of ln(‘/}h). The
right graph shows the relationship between the log of K and the log of the average firm size in the

sample, across samples.
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Figure Sh: Estimates of firm and worker heterogeneity across simulations, two-dimensional firm

heterogeneity, large variance of firm effects
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Notes: Means (solid line) and 95% confidence intervals. B indicates the two-step bias-corrected GFE
estimator and A indicates the iterated bias-corrected GFE estimator. The different columns repre-
sent different values of v (that is, different selection rules for the number of groups). Unobserved
heterogeneity is continuously distributed in the DGP. The number of groups K is estimated in every
replication. 500 replications. Results for DGP 3.
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Figure S6: Two-dimensional firm heterogeneity, small variance of firm effects
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Notes: See the notes to Figure S5. Results for DGP 4.
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Figure S7: Estimates of firm and worker heterogeneity across simulations, two-dimensional firm

heterogeneity, large variance of firm effects, different number of job movers per firm
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Notes: Means (solid line) and 95% confidence intervals. B indicates the two-step bias-corrected GFE
estimator, A the iterated bias-corrected GFE estimator, O the fixed-effects estimator, and @ the bias-
corrected fized-effects estimator. The different columns represent different values of vy (that is, different
selection rules for the number of groups). Unobserved heterogeneity is continuously distributed in the
DGP. The number of groups K is estimated in every replication. 500 replications. Results for DGP
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Figure S8: Estimates of firm and worker heterogeneity across simulations, two-dimensional firm

heterogeneity, small variance of firm effects, different number of job movers per firm
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Notes: See the notes to Figure S7. Results for DGP 4.



